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❉❡❝❧❛r❛t✐♦♥

■ ❛ss✉r❡ ❤❡r❡❜②✱ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐♣❧♦♠❛ t❤❡s✐s ✐♥ ✐ts ❡♥t✐r❡ ❢♦r♠ ✇❛s ✇r✐tt❡♥
❜② ♠②s❡❧❢ ❛♥❞ t❤❛t ♥♦ ♦t❤❡r r❡❢❡r❡♥❝❡s t❤❛♥ t❤♦s❡ ❧✐st❡❞ ✐♥ t❤❡ ❜✐❜❧✐♦❣r❛♣❤②
✇❡r❡ ✉s❡❞✳ ◗✉♦t❡s✱ ✇❤✐❝❤ ✇❡r❡ t❛❦❡♥ ✇♦r❞ ❜② ✇♦r❞ ♦r ✐♥ ❛ s✐♠✐❧❛r s❡♥s❡ ❛r❡
♠❛r❦❡❞✳ ❚❤❡ ✜❣✉r❡s ❛♥❞ ❣r❛♣❤✐❝s ✐♥ t❤✐s r❡♣♦rt ❛r❡ s❡❧❢♠❛❞❡ ♦r r❡❢❡r❡♥❝❡❞ ✐❢
♥♦t s♦✳ ❚❤✐s r❡♣♦rt ❤❛s ♥♦t ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ♦r s❤♦✇♥ t♦ ❛♥② ❡①❛♠✐♥❛t✐♦♥ ❜♦❛r❞
❜❡❢♦r❡✳

❧♦❝❛t✐♦♥✱ ❞❛t❡

❈♦♥✜❞❡♥t✐❛❧❧②

❚❤✐s ❞✐♣❧♦♠❛ t❤❡s✐s ♠❛② ♥♦t✱ ♥❡✐t❤❡r ❝♦♠♣❧❡t❡❧② ♥♦r ✐♥ ❡①tr❛❝ts✱ ❜❡ ♣✉❜❧✐s❤❡❞✱
r❡♣❧✐❝❛t❡❞ ♦r r❡❢❡r❡❞ t♦ ❛ t❤✐r❞ ♣❛rt② ✇✐t❤♦✉t t❤❡ ✇r✐tt❡♥ ❝♦♥s❡♥t ♦❢ t❤❡ ❛✉t❤♦r✱
t❤❡ ♠❡♥t♦r✐♥❣ r❡❢❡r❡❡ ❛♥❞ r❡s♣❡❝t✐✈❡❧② t❤❡ ❝♦♠♣❛♥② ❙❚ ●❘❖❯P✳



❆❝❦♥♦✇❧❡❞❣♠❡♥t

❋✐rst✱ ■ ✇❛♥t t♦ t❤❛♥❦ Pr♦❢✳ ❉r✳✲■♥❣✳ ❘❛❛ts❝❤❡♥ ❢r♦♠ ●❡r♠❛♥② ❛♥❞ Pr♦❢✳
P❤✳❉✳ ❇♦✉✈❡t ❢r♦♠ ❋r❛♥❝❡ ❢♦r s✉♣♣♦rt✐♥❣ ♠❡ ❞✉r✐♥❣ t❤✐s ❞✐♣❧♦♠❛ t❤❡s✐s ❛♥❞
❢♦r t❤❡✐r ❤❡❧♣❢✉❧ ❛♥❞ ❡♥❝♦✉r❛❣✐♥❣ ❝♦♥✈❡rs❛t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ ■ t❤❛♥❦ Pr♦❢✳
❉r✳✲■♥❣✳ ❘❛❛ts❝❤❡♥ ❢♦r ❤✐s ✈❡r② ❢r✐❡♥❞❧② ❛♥❞ ❤❡❧♣❢✉❧ ♠❡♥t♦r✐♥❣ ❞✉r✐♥❣ t❤❡ ❧❛st
❢♦✉r ②❡❛rs ♦❢ t❤❡ ❣❡r♠❛♥ ❛♥❞ ❢r❡♥❝❤ st✉❞✐❡s✳

■ t❤❛♥❦ ❈❛♠✐❧❧❡ ❇❛rr❡❛✉ ❢♦r ❤✐s ❢r✐❡♥❞❧② ♠❡♥t♦r✐♥❣ t❤r♦✉❣❤♦✉t t❤❡ ✐♥t❡r♥✲
s❤✐♣✳

❋✉rt❤❡r♠♦r❡✱ ■ ✇♦✉❧❞ t❤❛♥❦ ❈❤r✐st♦♣❤❡ ❇r✐♦❧s✱ ♣r♦❥❡❝t ♠❛♥❛❣❡r✱ ❆❧❛✐♥ ●r✐❧❧❡t✱
❝❤✐❡❢ ❡①❡❝✉t✐✈❡ ❛♥❞ ❙t❡♣❤❛♥❡ ❚r❡♥t♦✱ ❞✐r❡❝t♦r ♦❢ ❙❚ ●❘❖❯P✳

■ ✇❛♥t t♦ s❛② t❤❛♥❦ ②♦✉ t♦ ♠② ♣❛r❡♥ts ✇❤♦ ❤❛✈❡ ❛❧✇❛②s ❤❡❧♣❡❞ ♠❡ ❛♥❞ t❤❛♥❦s
t♦ ♠② ❛✉♥t ❊❧✐s❛❜❡t❤ ❢♦r ❤❡r s♣❡❝✐❛❧ s✉♣♣♦rt✳



❙✉♠♠❛r②

❚❤✐s ❞✐♣❧♦♠❛ t❤❡s✐s s❤♦✇s ❤♦✇ ❝♦❝❦♣✐t ❢✉r♥✐t✉r❡ ✐s ❞❡s✐❣♥❡❞✱ s♦ t❤❛t ✐t ✐s ❝❛✲
♣❛❜❧❡ ♦❢ s✉♣♣♦rt✐♥❣ ❛❧❧ str❡ss❡s ✐t ✇✐❧❧ ❡♥❞✉r❡ ❞✉r✐♥❣ ❛♥ ❛✐r❝r❛❢t✬s ❧✐❢❡t✐♠❡✳ ❚❤❡
♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ❞✐♣❧♦♠❛ t❤❡s✐s ✐s t❤❡ ❛♥❛❧②s❡s ♦❢ ♦♥ t❤❡ str✉❝t✉r❛❧ str❡♥❣t❤ ♦♥
❝♦❝❦♣✐t ❢✉r♥✐t✉r❡✳ ❙❚✸❉✱ t❤❡ ❡♥❣✐♥❡❡r✐♥❣ s❡❝t✐♦♥ ♦❢ ❙❚ ●❘❖❯P ❝r❡❛t❡s ❛♥❞
t❡sts ❝♦❝❦♣✐ts ✐♥ ❛ ✈✐rt✉❛❧ ❡♥✈✐r♦♥♠❡♥t ❜❡❢♦r❡ t❤❡② ❛r❡ ❜✉✐❧t ❜② ❙❚ ❈❖▼P❖❙✲
■❚❊❙✱ t❤❡ ♣r♦❞✉❝t✐♦♥ s❡❝t♦r✳ ❚❤✐s t❤❡s✐s s❤♦✇s t❤❡ ❡♥❣✐♥❡❡r✐♥❣ ✇♦r❦ ♦♥ t❤❡
❝❡♥tr❡ ♣❡❞❡st❛❧ ✇✐t❤ t❤❡ ❢♦❝✉s ♦♥ ❝♦♠♣✉t❡r ❜❛s❡❞ t❡st✐♥❣ ❜② ✉s✐♥❣ t❤❡ ✜♥✐t❡
❡❧❡♠❡♥t ♠❡t❤♦❞s✳ ❖♥❡ ❝r✐t✐❝❛❧ ❝♦♠♣♦♥❡♥t ✐♥ t❤❡ str✉❝t✉r❛❧ st❛❜✐❧✐t② ❛r❡ ❥♦✐♥ts
❛♥❞ ❛♥♦t❤❡r ❛s♣❡❝t ♦❢ t❤✐s t❤❡s✐s ✐s t❤❡ ♣r❡❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❛ ❥♦✐♥t✬s str❡♥❣t❤✳
❚❤✐s ✐s ✉♥❞❡rt❛❦❡♥ r♦✉❣❤❧② ✐♥ ❛♥ ❛♥❛❧②t✐❝❛❧ ✇❛②✱ ♠♦r❡ ♣r❡❝✐s❡❧② ✇✐t❤ t❤❡ ✜♥✐t❡
❡❧❡♠❡♥t ♠❡t❤♦❞s ❛♥❞ ❝♦♠♣❛r❡❞ ❜② ❛ s❡r✐❡s ♦❢ t❡sts✳ ❚❤❡ ❝♦♠♣♦♥❡♥ts ❢r♦♠ t❤❡
❝♦❝❦♣✐ts ♦❢ t✇♦ ❛✐r❝r❛❢t t❤❛t ❤❛✈❡ ❜❡❡♥ ❛❝t✉❛❧❧② ❞❡✈❡❧♦♣❡❞ s❡r✈❡ ❛s ❡①❛♠♣❧❡s✳
❆ ❝❡♥tr❡ ♣❡❞❡st❛❧ ✐s ❛♥❛❧②s❡❞ ❢r♦♠ t❤❡ ❝✐✈✐❧ ❆✐r❜✉s ❆✸✺✵ ❛♥❞ t❤❡ ❥♦✐♥t ❛♥❛❧②s✐s
✐s ✉♥❞❡rt❛❦❡♥ ❢♦r t❤❡ ❆✹✵✵▼ ❢r♦♠ ❆✐r❜✉s ▼✐❧✐t❛r②✳

❚❤❡ r❡s✉❧ts ♦❢ t❤✐s t❤❡s✐s ❛r❡ t❤❛t t❤❡ ♠❛①✐♠✉♠ str❡♥❣t❤ ♦❢ ❥♦✐♥ts ❝❛♥ ❜❡
♣r❡❞✐❝t❡❞ ❜✉t ✇✐t❤ ✈❛r✐❛♥❝❡s✳ ❚❤❡s❡ ✈❛r✐❛♥❝❡s ❝❛♥ ❜❡ r❡❞✉❝❡❞ ❜②

❼ ❢✉rt❤❡r ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❛♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥

❼ ♠♦❞❡❧❧✐♥❣ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ t❡♥♦♥s ❛♥❞ ♠♦rt✐s❡s ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧
❝❛❧❝✉❧❛t✐♦♥

❼ ❞❡t❡r♠✐♥❡ t❤❡ ♠❛t❡r✐❛❧ ✈❛❧✉❡s ♦❢ t❤❡ ♣♦tt✐♥❣✲❤♦♥❡②❝♦♠❜ ♠✐①t✉r❡

❚❤❡ ❝❡♥tr❡ ♣❡❞❡st❛❧ ✇❛s ♦♣t✐♠✐③❡❞ s✉❝❝❡ss❢✉❧ s♦ t❤❛t t❤❡ str✉❝t✉r❡ ❤❛s ❛♥
❛❝❝❡♣t❛❜❧❡ ✜rst ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ❛♥❞ str✉❝t✉r❛❧ ✇❡✐❣❤t✳ ❚❤❡ st❛t✐❝ ❛♥❛❧②s❡s
s❤♦✇ t❤❛t ❛ s♠❛❧❧ ③♦♥❡ ♦❢ str✉❝t✉r❡ ❞♦ ♥♦t r❡s✐st t♦ ❛❧❧ ❧♦❛❞ ❝❛s❡s✳ ❚❤✐s ❝❛♥
❜❡ ❛❞❥✉st❡❞ ❜② r❡✐♥❢♦r❝✐♥❣ t❤✐s ③♦♥❡✳ ❆♥ ❡✈❡♥t✉❛❧❧② ❢✉rt❤❡r ♦♣t✐♠✐③❛t✐♦♥ ✐♥
✇❡✐❣t❤ ❛♥❞✴♦r ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ♠❛② ❜❡ ♥❡❡❞❡❞✳
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✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤❡ ②❡❛r ✷✵✵✾✱ ❊✉r♦♣❡ ✐s ❞❡✈❡❧♦♣✐♥❣ t✇♦ ❜✐❣ ❛✐r❝r❛❢ts ❜② t❤❡ ❊✉r♦♣❡❛♥ ❆❡r♦✲
♥❛✉t✐❝ ❉❡❢❡♥❝❡ ❛♥❞ ❙♣❛❝❡ ✭❊❆❉❙✮ ❈♦♠♣❛♥✐❡s ❆✐r❜✉s ❛♥❞ ❆✐r❜✉s ▼✐❧✐t❛r②❀
t❤❡ ❧♦♥❣ r❛♥❣❡✱ ✇✐❞❡ ❜♦❞② ❆✸✺✵ ❆✐r❧✐♥❡r ❛♥❞ t❤❡ ❆✹✵✵▼✱ ❛ ❢♦✉r✲❡♥❣✐♥❡ t✉r✲
❜♦♣r♦♣ ♠✐❧✐t❛r② tr❛♥s♣♦rt ❛♥❞ t❛♥❦❡r✳ ❚❤❡✐r ❞❡✈❡❧♦♣♠❡♥t ✐s ❝♦♦r❞✐♥❛t❡❞ ❢r♦♠
❚♦✉❧♦✉s❡✱ ❋r❛♥❝❡ ✇❤❡r❡ t❤❡ ❤❡❛❞q✉❛rt❡rs ❛r❡ ❜❛s❡❞✳ ❚❤❡ ❝♦♠♣❛♥② ❙❚ ●❘❖❯P
✐s ❛ s✉❜❝♦♥tr❛❝t♦r✳ ■t ❞❡s✐❣♥s ❛♥❞ ❜✉✐❧❞s ❝♦❝❦♣✐t ❢✉r♥✐t✉r❡ ❢♦r ❆■❘❇❯❙✳ ❚❤❡
❢✉r♥✐t✉r❡ ❤❛s t♦ ❣✉❛r❛♥t② t❤❡ r❡s✐st❛♥❝❡ t♦ ❛❧❧ ♣♦ss✐❜❧❡ ❧♦❛❞ ❝❛s❡s ❞✉r✐♥❣ ❛♥
❛✐r❝r❛❢t ❧✐❢❡ ❛♥❞ ❛t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡ ❛✐r❝r❛❢t ❝♦♠♣♦♥❡♥ts ❤❛✈❡ t♦ ❜❡ ❛s ❧✐❣❤t
❛s ♣♦ss✐❜❧❡ t♦ r❡❞✉❝❡ t❤❡ ❦❡r♦s❡♥❡ ❝♦♥s✉♠♣t✐♦♥✳ ❚❤❡ ❛❡r♦♥❛✉t✐❝ ❛♥❞ s♣❛❝❡
✐♥❞✉str② ❛♣♣❧✐❡s ♠♦r❡ ❛♥❞ ♠♦r❡ ✜❜r❡✲r❡✐♥❢♦r❝❡❞ ❝♦♠♣♦s✐t❡s ❜❡❝❛✉s❡ ♦❢ t❤❡✐r
❣♦♦❞ r❛t✐♦ ♦❢ ❞❡♥s✐t② t♦ st✐✛♥❡ss✳ ❈♦♠♣♦s✐t❡s ❛r❡ ♥♦t ❡❛s② t♦ ❝❛❧❝✉❧❛t❡✳ ❚❤✐s
✐s ✐♥ ♣❛rt✐❝✉❧❛r ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ❝❤❛♣t❡r ♦❢ t❡♥♦♥ ❛♥❞ ♠♦rt✐s❡ ❥♦✐♥ts✳

❏♦✐♥ts ❛r❡ ❝r✐t✐❝❛❧ s✉❜❥❡❝ts ✐♥ t❤❡ str✉❝t✉r❛❧ str❡♥❣t❤ ❛♥❛❧②s❡s ♦❢ ❝♦❝❦♣✐t ❢✉r✲
♥✐t✉r❡ ✭s❡❡ ❝❤❛♣t❡r ✷✮✳ ❚❤✐s ❝❤❛♣t❡r s❤♦✇s t❤❡ st✐✛♥❡ss ❛♥❛❧②s❡s✱ ♦♥ t❤❡ ♦♥❡
❤❛♥❞ ❜② ❛ ♣❤②s✐❝❛❧ t❡st s❡r✐❡s✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❜② ✉s✐♥❣ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t
♠❡t❤♦❞s ✭❋❊▼✮ ❛♥❞ ✜♥❛❧❧② ❜② ❞♦✐♥❣ ❛♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r ❞♦❡s ♥♦t ❞❡❛❧ ✇✐t❤ ❝♦♠♣♦s✐t❡ str✉❝t✉r❡ ✐♥ ❞❡t❛✐❧ ❜✉t
✇✐t❤ ✐ts ❣❡♥❡r❛❧ ❛♥❛❧②s✐s✳ ■t ❞❡s❝r✐❜❡s ❤♦✇ ❛ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ✐s ❜✉✐❧t✱
❛♥❛❧②s❡❞ ❛♥❞ ♦♣t✐♠✐③❡❞ ✇✐t❤ t❤❡ ❆✸✺✵ ❝❡♥tr❡ ♣❡❞❡st❛❧ ❛s ❡①❛♠♣❧❡✳ ❋✐rst✱ ❛♥
❛♥❛❧②s✐s ♦❢ t❤❡ str✉❝t✉r❡✬s ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ✐s ❞♦♥❡✳ ❚❤❡♥✱ ❜② ♠❛♥✐♣✉❧❛t✐♥❣
t❤❡ str✉❝t✉r❡✱ t❤❡ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ✐s r❛✐s❡❞ ❛♥❞ t❤❡ str✉❝t✉r❡✬s st❛❜✐❧✐t② ✐s
✈❡r✐✜❡❞ ❜② ❛ st❛t✐❝ ❛♥❛❧②s✐s✳

❚❤❡ ❝❤❛♣t❡r ✐♥tr♦❞✉❝t✐♦♥ ❣✐✈❡s ❜❛❝❦❣r♦✉♥❞ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❛♣♣❧✐❡❞ ♠❛✲
t❡r✐❛❧s ❛♥❞ t❤❡ ✇❛② t❤❡✐r st❛❜✐❧✐t② ✐s ❝❛❧❝✉❧❛t❡❞✳ ❋✉rt❤❡r♠♦r❡✱ t❤✐s ❝❤❛♣t❡r ✐s
❛❜♦✉t t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t s♦❢t✇❛r❡ ◆❆❙❚❘❆◆✴P❆❚❘❆◆ t❤❛t ✐s ✉s❡❞ t♦ ❛♥❛❧②s❡
t❤❡ ❝♦❝❦♣✐t str✉❝t✉r❡✱ t❤❡ ❝♦♠♣❛♥② t❤❛t ❞❡✈❡❧♦♣s ❛♥❞ ♣r♦❞✉❝❡s t❤❡♠ ❛♥❞ t❤❡
❛✐r❝r❛❢t ❢♦r ✇❤✐❝❤ t❤❡s❡ ❝♦❝❦♣✐ts ❛r❡ ♠❛❞❡✳

✼
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✶✳✶ ❙❚ ●❘❖❯P

❙❚ ●❘❖❯P ✐s ❛ ❣❧♦❜❛❧ ❛❡r♦s♣❛❝❡ s✉❜❝♦♥tr❛❝t♦r ❛♥❞ ❝♦♠♣♦s✐t❡ ♠❛♥✉❢❛❝t✉r❡r✳
❚❤❡ ❣r♦✉♣ ❝♦♥s✐sts ♦❢ ❙❚✲❆❊❘❖✱ ❙❚✸❉✱ ❛♥❞ ❙❚ ❈❖▼P❖❙■❚❊❙✳ ❚❤❡ ❝♦♠♣❛♥②
✐s ❜❛s❡❞ ❛t ❚♦✉❧♦✉s❡✲▲❛❜è❣❡✳

❋✐❣✉r❡ ✶✳✶✿ ❙❚ ●❘❖❯P ❧♦❣♦

✧❚♦✉❧♦✉s❡ ✐s t❤❡ ❤♦♠❡ ❜❛s❡ ♦❢ t❤❡ ❊✉r♦♣❡❛♥ ❛❡r♦s♣❛❝❡ ✐♥❞✉str②✱ ✇✐t❤ t❤❡ ❤❡❛❞✲
q✉❛rt❡rs ♦❢ ❆■❘❇❯❙✱ ●❛❧✐❧❡♦ ♣♦s✐t✐♦♥✐♥❣ s②st❡♠✱ t❤❡ ❙P❖❚ s❛t❡❧❧✐t❡ s②st❡♠✱
❛♥❞ ❈◆❊❙✬s ❚♦✉❧♦✉s❡ ❙♣❛❝❡ ❈❡♥tr❡ ✭❈❙❚✮✱ t❤❡ ❧❛r❣❡st s♣❛❝❡ ❝❡♥t❡r ✐♥ ❊✉r♦♣❡✳
❚❤❛❧❡s ❆❧❡♥✐❛ ❙♣❛❝❡✱ ❊✉r♦♣❡✬s ❧❛r❣❡st s❛t❡❧❧✐t❡ ♠❛♥✉❢❛❝t✉r❡r✱ ❛♥❞ ❊❆❉❙ ❆s✲
tr✐✉♠ ❙❛t❡❧❧✐t❡s✱ ❊❆❉❙✬s s❛t❡❧❧✐t❡ s②st❡♠ s✉❜s✐❞✐❛r②✱ ❛❧s♦ ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t
♣r❡s❡♥❝❡ ✐♥ ❚♦✉❧♦✉s❡✳✧ ❬❲✐❦✵✶❪

❋✐❣✉r❡ ✶✳✷✿ ❙❚ ●❘❖❯P ♣r❡♠✐s❡s

❙❚ ●❘❖❯P ✐s ❛ ✜rst ❧❡✈❡❧ s✉♣♣❧✐❡r ❢♦r ❆■❘❇❯❙✳ ❚❤❡ ❞❡✈❡❧♦♣♠❡♥t ❛♥❞ ❝♦♥✲
str✉❝t✐♦♥ ♦❢ t❤❡ ❆✹✵✵▼ ❛♥❞ ❆✸✺✵ ❝♦❝❦♣✐t ❢✉r♥✐t✉r❡ ❛♥❞ t❤❡ ❝❡♥tr❡ ♣❡❞❡st❛❧
♦❢ t❤❡ ❆✸✽✵ ❤❛✈❡ ❜❡❡♥ t❤❡ ♠❛✐♥ ❛❝t✐✈✐t✐❡s ♦❢ t❤❡ ❣r♦✉♣✳ ❋✉rt❤❡r♠♦r❡ ❛s ❛
❝♦♠♣♦s✐t❡ ♠❛♥✉❢❛❝t✉r❡r ✐t ❞❡s✐❣♥s ❛♥② ❦✐♥❞ ♦❢ ❝♦♠♣♦s✐t❡ str✉❝t✉r❡s ❧✐❦❡ ♣❛rts
❢♦r s❛t❡❧❧✐t❡s✱ ❝❛rs ❛♥❞ ♠❛♥② ♠♦r❡✳

✽
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❚♦❞❛②✱ t❤❡ ❝❛♣✐t❛❧ ♦❢ ❙❚ ●❘❖❯P ✐♥❝r❡❛s❡❞ t♦ ✻✺✵✵✵✵ ➾✳ ❚❤❡ t✉r♥♦✈❡r ✐♥ ✷✵✵✽
✇❛s ❛❜♦✉t ✸✳✶ ▼➾✳ ❙❚✸❉ ❛❝ts ♥♦✇ ❛s s✉♣♣❧② ❝♦♠♣❛♥② ❢♦r ❙❚✲❆❊❘❖✳ ❚❤❡
❝♦♠♣❛♥② ❙❚✲❆❊❘❖✱ ❛❧s♦ ❢♦✉♥❞❡❞ ❜② ❙t❡♣❤❛♥❡ ❚r❡♥t♦✱ ✇❛s ❝r❡❛t❡❞ t♦ ♠❛♥❛❣❡
♣r♦❥❡❝ts ❛♥❞ ❝♦♥tr❛❝ts ✇✐t❤ ❝❧✐❡♥ts✳ ❲✐t❤ t❤❡ ❢♦✉♥❞❛t✐♦♥ ♦❢ ❙❚ ❈❖▼P❖❙■❚❊❙✱
t❤❡ ♣r♦❞✉❝t✐♦♥ ❛♥❞ ❛ss❡♠❜❧❛❣❡ ✐s r❡❣r♦✉♣❡❞ ✉♥❞❡r ❛♥♦t❤❡r ❙❚✲❆❊❘❖ s✉♣♣❧②
❝♦♠♣❛♥②✳

❙❚✸❉ ✲ ❉❡s✐❣♥ ♦✣❝❡ ❛♥❞ t❡❝❤♥✐❝❛❧ s❡r✈✐❝❡

■♥ ✶✾✾✽✱ ❙té♣❤❛♥❡ ❚r❡♥t♦✱ t❤❡ ❝✉rr❡♥t ❝❤❛✐r♠❛♥ ❛♥❞ ♠❛♥❛❣✐♥❣ ❞✐r❡❝t♦r✱ ❢♦✉♥❞❡❞
t❤❡ s♦❝✐❡t② ❙❚✸❉✳ ❆s ❛♥ ❡♥❣✐♥❡❡r✐♥❣ ✜r♠✱ ❙❚✸❉ ❞❡✈❡❧♦♣s ♣❛rts ❢♦r ✐♥❞✉str✐❛❧
❝❧✐❡♥ts✳ ❲✐t❤ ✐ts ❝r❡❛t✐♦♥✱ ❙❚✸❉ ❤❛❞ ❛ st❛t✉t❡ ♦❢ ❧✐♠✐t❡❞ ❧✐❛❜✐❧✐t② ❝♦♠♣❛♥②
✇❤✐❝❤ ✜①❡❞ ❛ss❡ts ✇❛s ✽✵✵✵ ➾✳ ■♥ ❏❛♥✉❛r② ✷✵✵✸✱ ❙❚✸❉ ❛❝q✉✐r❡❞ t❤❡ ❧❡❣❛❧
st❛t✉s ♦❢ ✧✬❙♦❝✐été ♣❛r ❆❝t✐♦♥s ❙✐♠♣❧✐✜é❡✧ ✭❙✳❆✳❙✳✮✳

❚❤❡ ❛❝t✐✈✐t② ♦❢ ❙❚ ●❘❖❯P ✐s ❝♦♥❝❡♥tr❛t❡❞ ♦♥ ❛❡r♦♥❛✉t✐❝s✱ t❤❡ s♣❛t✐❛❧✱ ❝❛r
✐♥❞✉str②✱ ♠❡❝❤❛♥✐❝❛❧ t♦♦❧s ❛♥❞ ♦t❤❡r ✐♥❞✉str✐❛❧ ♣r♦❞✉❝ts✳ ❙❚✸❉ ✐s ❛ ❞❡s✐❣♥
❞❡♣❛rt♠❡♥t ❛♥❞ t❡❝❤♥✐❝❛❧ s✉♣♣♦rt ✜r♠✳ ❚❤❡ ♠❛✐♥ ❝✉st♦♠❡rs ❛r❡ ❆■❘❇❯❙✱
▲❆❚❊❈❖❊❘❊●❘❖❯P✱ ▲■❊❇❍❊❘❘ ❆❊❘❖❙P❆❈❊✱ ❆❧❝❛t❡❧ ❆❧❡♥✐❛ ❙♣❛❝❡✱ ❊❆❉❙
❆str✐✉♠✱ ❆▲❚❘❆◆✱ ❆❑❑❆✱ ❡t❝✳

❙❚ ❈❖▼P❖❙■❚❊❙ ✲ ❈♦♠♣♦s✐t❡ ♣❛rts ♠❛♥✉❢❛❝t✉r❡r

❲✐t❤ ✈❛r✐♦✉s t❡❝❤♥♦❧♦❣✐❡s ❧✐❦❡ ♠♦♥♦❧✐t❤✐❝ ❝❛r❜♦♥✱ ❘❚▼✱ ❤❡❛t✲❤❛r❞❡♥✐♥❣ ❛♥❞
❞❡str✉❝t✐✈❡✴♥♦♥✲❞❡str✉❝t✐✈❡ t❡st ♠❡t❤♦❞s✱ t❤❡ ❝♦♠♣❛♥② ✐s ❛❜❧❡ t♦ ♣r♦❞✉❝❡ s✉❜✲
❛ss❡♠❜❧✐❡s ❛s ✇❡❧❧ ❛s ❢✉❧❧ ✇♦r❦ ♣❛❝❦❛❣❡s ✭❲P✮✳ ❙❚ ❈❖▼P❖❙■❚❊❙ ✐s ❡q✉✐♣♣❡❞
✇✐t❤✿

❼ ✶✺✵ m2 ♣r♦❞✉❝t✐♦♥ ❛♥❞ ❛ss❡♠❜❧❛❣❡ s✉r❢❛❝❡

❼ ❛ t❡st ❧❛❜♦r❛t♦r② ✇✐t❤ ❛ ✶✵✵❦◆ ■♥str♦♥ ❝♦♠♣r❡ss✐♦♥ ♠❛❝❤✐♥❡

❼ t✇♦ ❝♦♦❧ ❝❤❛♠❜❡rs ✇✐t❤ t❡♠♣❡r❛t✉r❡ s✉r✈❡✐❧❧❛♥❝❡

❼ ✶✽ m3 ♦✈❡♥

❼ ✷✸ m3 ❛✉t♦❝❧❛✈❡

❼ ✷✹ m2 ♣❛✐♥t✐♥❣ ❝❛❜✐♥

✾
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❙❚ ●❘❖❯P ❤❛s ❛❜♦✉t ✺✵ ❡♠♣❧♦②❡❡s ✭t❤❡r❡ ✇✐❧❧ ❜❡ ✶✵✵ ✐♥ ✷✵✶✵✮✿

❼ ✻✼✪ t❡❝❤♥✐❝✐❛♥s

❼ ✷✵✪ t❡❝❤♥✐❝❛❧s ❡①♣❡rts

❼ ✽✪ ❛❞♠✐♥✐str❛t✐♦♥

❼ ✺✪ ❡♥❣✐♥❡❡rs

❬●r♦✵✾❪

✶✵



✶✳✷ ❆✐r❝r❛❢t

✶✳✷ ❆✐r❝r❛❢t

❚❤❡ ❞❡✈❡❧♦♣❡♠❡♥t ♦❢ ❛✐r❝r❛❢t ❝♦♠♣♦♥❡♥ts ❛r❡ s✉❜❞✐✈✐❞❡❞ ✐♥ s❡✈❡r❛❧ ♣❤❛s❡s✳
❚❤❡② ❛r❡ ❝❛❧❧❡❞ ▼❆❚ ❆✱ ▼❆❚ ❇✱ ▼❆❚ ❈ ❛♥❞ ❏❯❙❚■❋✳ ▼❆❚ ✐s t❤❡ ❛❜❜r❡✈✐❛✲
t✐♦♥ ❢♦r ♠❛t✉r✐t② ❛♥❞ ❏❯❙❚■❋ st❛♥❞s ❢♦r ❥✉st✐✜❝❛t✐♦♥✳ ❉✉r✐♥❣ ♣❤❛s❡ ▼❆❚ ❆
t❤❡ ❞❡s✐❣♥ ❞❡♣❛rt❡♠❡♥t ❝r❡❛t❡s t❤❡ ❢✉r♥✐t✉r❡ ✇❤✐❝❤ t❤❡♥✱ ✐s ❛♥❛❧②s❡❞ ❜② t❤❡
str❡ss ❞❡♣❛rt❡♠❡♥t✳ ❉✉r✐♥❣ ▼❆❚ ❇ t❤❡ ❞❡s✐❣♥ ❞❡♣❛rt❡♠❡♥t ✉s❡s t❤❡ r❡s✉❧ts ♦❢
t❤❡ str❡ss ❛♥❛❧②s✐s t♦ ❛❞❛♣t t❤❡ str✉❝t✉r❡✳ ❉✉r✐♥❣ ▼❆❚ ❈ t❤❡ s❛♠❡ ♣r♦❝❡ss ✐s
✉s❡❞ ✐♥ ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ✇❛②✳ P❤❛s❡ ❏❯❙❚■❋ ✐s t❤❡ ❧❛st ♦♥❡ ✇❤❡r❡ ❡✈❡r②t❤✐♥❣ ✐s
♣r❡♣❛r❡❞ ❢♦r t❤❡ ♠❛♥✉❢❛❝t✉r❡✳ ❚❤❡ ❢✉r♥✐t✉r❡ ♦❢ t❤❡ ❆✹✵✵▼ ❝♦❝❦♣✐t ✐s ❛❧r❡❛❞②
✐♥ ♣❤❛s❡ ❏❯❙❚■❋ ✇❤✐❧❡ t❤❡ ❝❤❛♥❣❡s ♦♥ t❤❡ ❆✸✺✵ ❝❡♥tr❡ ♣❡❞❡st❛❧ ✭s❡❡ ❝❤❛♣t❡r
✸✮ ❛r❡ ♠❛❞❡ ❞✉r✐♥❣ ♣❤❛s❡ ▼❆❚ ❇✳
❚❤❡ ✜rst ✜✈❡ ♠❛♥✉❢❛❝t✉r❡❞ ❆✹✵✵▼ ❛✐r❝r❛❢ts ❛r❡ ♣r♦t♦t②♣❡s✱ ❝❛❧❧❡❞ ▼❙◆✵✵✶ t♦
▼❙◆✵✵✺✳ ▼❙◆ st❛♥❞s ❢♦r ♠❛♥✉❢❛❝t✉r❡r s❡r✐❛❧ ♥✉♠❜❡r✳ ❋✐❣✉r❡ ✶✳✸ s❤♦✇s t❤❡
▼❙◆✵✵✶ ✉♥❞❡r ❝♦♥str✉❝t✐♦♥ ✐♥ t❤❡ ❊❆❉❙ ❈❆❙❆ ✭❈♦♥str✉❝❝✐♦♥❡s ❆❡r♦♥á✉t✐❝❛s
❙✳❆✳✮ ❢❛❝t♦r② ♦❢ ❙❛♥ P❛♦❧♦✱ ▼❛❞r✐❞✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s ❣✐✈❡ s♦♠❡ ❜❛❝❦✲
❣r♦✉♥❞ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❛✐r❝r❛❢ts ✇❤❡r❡ t❤❡ ❝♦❝❦♣✐ts ❛r❡ ❡♠♣❧♦②❡❞✳

❆♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❆✸✺✵ ❛♥❞ t❤❡ ❆✹✵✵▼ ❛✐r❝r❛❢t ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❛♣♣❡♥❞✐① ❢r♦♠
♣❛❣❡ ✾✷ t♦ ✾✻✳

✶✶



✶✳✷ ❆✐r❝r❛❢t

❋✐❣✉r❡ ✶✳✸✿ ❚❤❡ ❆✹✵✵▼ ▼❙◆✵✵✶ ✉♥❞❡r ❝♦♥str✉❝t✐♦♥ ❬▼✐❧✵✾❪

✶✷



✶✳✸ ❈♦♠♣♦s✐t❡s

✶✳✸ ❈♦♠♣♦s✐t❡s

❋✐❣✉r❡ ✶✳✹✿ ❇❛♠❜♦♦ str✉❝t✉r❡
❬❋❧✐✵✽❪

✧❈♦♠♣♦s✐t❡ ♠❛t❡r✐❛❧s ✭♦r ❝♦♠♣♦s✐t❡s ❢♦r
s❤♦rt✮ ❛r❡ ❡♥❣✐♥❡❡r❡❞ ♠❛t❡r✐❛❧s ♠❛❞❡ ❢r♦♠
t✇♦ ♦r ♠♦r❡ ❝♦♥st✐t✉❡♥t ♠❛t❡r✐❛❧s ✇✐t❤
s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t ♣❤②s✐❝❛❧ ♦r ❝❤❡♠✐❝❛❧
♣r♦♣❡rt✐❡s ✇❤✐❝❤ r❡♠❛✐♥ s❡♣❛r❛t❡ ❛♥❞ ❞✐s✲
t✐♥❝t ♦♥ ❛ ♠❛❝r♦s❝♦♣✐❝ ❧❡✈❡❧ ✇✐t❤✐♥ t❤❡ ✜♥✲
✐s❤❡❞ str✉❝t✉r❡✳✧ ❬❲✐❦✵✹❪

❋✐❜r❡ ❝♦♠♣♦s✐t❡s ❤❛✈❡ ❛♥ ♦♣t✐♠❛❧ r❛t✐♦ ❜❡✲
t✇❡❡♥ ♠✐♥✐♠❛❧ ✇❡✐❣❤t ❛♥❞ ♠❛①✐♠❛❧ st✐✛✲
♥❡ss ❛♥❞ str❡♥❣t❤✳ ❚❤❡② ❛r❡ ✉s❡❞ ❡✈❡r②✲
✇❤❡r❡ ✇❤❡r❡ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❡❝♦♥♦♠✐③❡
✇❡✐❣❤t✱ ❢♦r ❡①❛♠♣❧❡ t♦ r❡❞✉❝❡ t❤❡ ❢✉❡❧ ❝♦♥✲
s✉♠♣t✐♦♥✳ ❚❤✐s ✐s ❡s♣❡❝✐❛❧❧② ✐♠♣♦rt❛♥t ❢♦r
tr❛♥s♣♦rt❛t✐♦♥ s②st❡♠s ❧✐❦❡ r❛✐❧ ✈❡❤✐❝❧❡s✱
s❤✐♣s✱ ❝❛rs✱ ♠♦t♦r❜✐❦❡s ❛♥❞ ♦❢ ❝♦✉rs❡ ❢♦r
❛❡r♦s♣❛❝❡ ✐♥❞✉str②✳ ❚❤❡ ❢♦r♠✉❧❛ E = 1/2 ·
m · v2 s❤♦✇s t❤❛t t❤❡ ❡♥❡r❣② r❡q✉✐r❡♠❡♥t
❞❡❝r❡❛s❡s ❜② r❡❞✉❝✐♥❣ t❤❡ ♠❛ss✳ ❈♦♠♣♦s✐t❡
♠❛t❡r✐❛❧ ✐s ♥♦t ♦♥❧② ✉s❡❞ t♦ ❡❝♦♥♦♠✐③❡ ❢✉❡❧
❛♥❞ ❡❧❡❝tr✐❝✐t② ❜✉t ❛❧s♦ t♦ ✐♥❝r❡❛s❡ ✈❡❧♦❝✲
✐t② ✇✐t❤ ♠✉s❝✉❧❛r str❡♥❣t❤✳ ❇✐❝②❝❧❡s ❛♥❞
♠✐s❝❡❧❧❛♥❡♦✉s s♣♦rts ❡q✉✐♣♠❡♥ts ❛r❡ ♠❛❞❡
❢r♦♠ ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛❧✱ ❧✐❦❡ ❜♦❜s❧❡✐❣❤s✱
❤♦❝❦❡② st✐❝❦s ❛♥❞ t❡♥♥✐s r❛❝❦❡ts✳ ❈♦♠♣♦s✐t❡s ❜❡❝♦♠❡ ♠♦r❡ ❛♥❞ ♠♦r❡ ✐♠♣♦r✲
t❛♥t✳ ❚❤❡② ❛r❡ ❛♣♣❧✐❡❞ ✐♥❝r❡❛s✐♥❣❧②✳ ❋♦r ❡①❛♠♣❧❡ ✺✹✪ ♦❢ t❤❡ ❆✐r❜✉s ❆✸✺✵
✇✐❧❧ ❜❡ ♦❢ ❝♦♠♣♦s✐t❡ str✉❝t✉r❡✳ ❚❤❡ r❡✐♥❢♦r❝✐♥❣ ♦❢ ♠❛t❡r✐❛❧ ❜② ✜❜r❡s ✐s ♥♦t ❛
♥❡✇ t❡❝❤♥✐❝❛❧ s♦❧✉t✐♦♥ ❜✉t ❛ s♦❧✉t✐♦♥ ♦❢ ♥❛t✉r❡ t❤❛t ❝❛♠❡ ❜② ❡✈♦❧✉t✐♦♥✳ ▼❛♥②
❡①❛♠♣❧❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ♥❛t✉r❡✱ ❧✐❦❡ ✇♦♦❞✱ ❤❡♠♣ ♦r ❜❛♠❜♦♦✳ ❊s♣❡❝✐❛❧❧②
❜❛♠❜♦♦ ✐s ❦♥♦✇♥ ❢♦r ✐ts st❛❜✐❧✐t② ✭s❡❡ ✜❣✉r❡ ✶✳✹✮✳ ❲✐t❤ ❛ ♠✐❝r♦s❝♦♣❡ t❤❡ ✜❜r❡
♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝❡❧❧s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✉r❡ ✶✳✺✳

✶✸



✶✳✸ ❈♦♠♣♦s✐t❡s

❚❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ ✜❜r❡✲r❡✐♥❢♦r❝❡❞ ♠❛t❡r✐❛❧s ❛r❡✿

❼ ❤✐❣❤ str❡♥❣t❤ ❛♥❞ ❤✐❣❤ st✐✛♥❡ss ♦❢ ♠❛t❡r✐❛❧ ✇✐t❤ ❛ ❧♦✇ ❞❡♥s✐t② ❛t t❤❡
s❛♠❡ t✐♠❡✳ ❚❤❛t ♠❛❦❡s ✜❜r❡✲r❡✐♥❢♦r❝❡❞ ♠❛t❡r✐❛❧ ❛♥ ✐❞❡❛❧ ♠❛t❡r✐❛❧ ❢♦r
❧✐❣❤t✇❡✐❣❤t ❝♦♥str✉❝t✐♦♥✳

❼ ❢r❡❡ s❤❛♣❡ ❞❡s✐❣♥✳

❼ ❡①❝❡❧❧❡♥t r❡s✐st❛♥❝❡ ❛❣❛✐♥st ❝♦rr♦s✐♦♥✳

❼ t❤❡ ❡❧❡❝tr✐❝❛❧ ❝♦♥❞✉❝t❛♥❝❡ ✐s ❛❞❥✉st❛❜❧❡✳

❼ ❣♦♦❞ ❤❡❛t ✐♥s✉❧❛t✐♥❣ ♣r♦♣❡rt✐❡s✳

❼ ❤✐❣❤ s♣❡❝✐✜❝ ❡♥❡r❣② ❛❜s♦r♣t✐♦♥ ❝❛♣❛❝✐t②✳ ■♠♣♦rt❛♥t ❢♦r ❝r❛s❤ ♦r ✐♠♣❛❝ts✳

❬❙❝❤✵✼❪

❋✐❣✉r❡ ✶✳✺✿ ▲❡❢t✿ ❈❛✉❧✐s ♦❢ ❛ ♣❧❛♥t✳ ❘✐❣❤t✿ ❇❛♠❜♦♦ ✉♥❞❡r ♠✐❝r♦s❝♦♣❡✳ ❚❤❡
✜❜r❡s ❛r❡ ♦r✐❡♥t❛t❡❞ ❧✐❦❡ ✐♥ ✜❜r❡✲r❡✐♥❢♦r❝❡❞ ❝♦♠♣♦s✐t❡✳ ❬❙❝❤✵✼❪

✶✹



✶✳✸ ❈♦♠♣♦s✐t❡s

✶✳✸✳✶ ❈♦♠♣♦s✐t✐♦♥

❚❤❡ ♠♦st ♣r✐♠✐t✐✈❡ ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛❧s ❛r❡ str❛✇ ❛♥❞ ♠✉❞ ❝♦♠❜✐♥❡❞ t♦ ❢♦r♠
❜r✐❝❦s ❢♦r ❜✉✐❧❞✐♥❣ ❝♦♥str✉❝t✐♦♥✳ ❚❤❡ ♠♦st ❛❞✈❛♥❝❡❞ ❡①❛♠♣❧❡s ❛r❡ ❛♣♣❧✐❡❞
♦♥ s♣❛❝❡❝r❛❢t✳ ❚❤❡ ♠♦st ✈✐s✐❜❧❡ ❛r❡ st❡❡❧ ❛♥❞ ❛❣❣r❡❣❛t❡ r❡✐♥❢♦r❝❡❞ ❝❡♠❡♥t ♦r
❛s♣❤❛❧t ❝♦♥❝r❡t❡✳ ❊✈❡♥ s❤♦✇❡r st❛❧❧s ❛♥❞ ❜❛t❤ t✉❜s ❛r❡ ♠❛❞❡ ♦❢ ✜❜r❡❣❧❛ss✳
❈♦♠♣♦s✐t❡s ❛r❡ ♠❛❞❡ ✉♣ ♦❢ t✇♦ ❝❛t❡❣♦r✐❡s ♦❢ ❝♦♥st✐t✉❡♥t ♠❛t❡r✐❛❧s✿ ♠❛tr✐①
❛♥❞ r❡✐♥❢♦r❝❡♠❡♥t✳ ❚❤❡ ♠❛tr✐① ♠❛t❡r✐❛❧ s✉rr♦✉♥❞s ❛♥❞ s✉♣♣♦rts t❤❡ r❡✐♥❢♦r❝❡✲
♠❡♥t ♠❛t❡r✐❛❧s ❜② ♠❛✐♥t❛✐♥✐♥❣ t❤❡✐r r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥s✳ ❚❤❡ s♣❡❝✐❛❧ ♠❡❝❤❛♥✐❝❛❧
❛♥❞ ♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ r❡✐♥❢♦r❝❡♠❡♥ts ❡♥❤❛♥❝❡ t❤❡ ♠❛tr✐① ♣r♦♣❡rt✐❡s✳
❆ s②♥❡r❣✐s♠ ❡♥❛❜❧❡s ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s t❤❛t ✇♦✉❧❞ ❜❡ ✉♥❛✈❛✐❧❛❜❧❡ ❢r♦♠ t❤❡
✐♥❞✐✈✐❞✉❛❧ ❝♦♥st✐t✉❡♥t ♠❛t❡r✐❛❧s✳ ❚❤❡ ✇✐❞❡ ✈❛r✐❡t② ♦❢ ♠❛tr✐① ❛♥❞ str❡♥❣t❤❡♥✐♥❣
♠❛t❡r✐❛❧s ❛❧❧♦✇s t❤❡ ❞❡s✐❣♥❡r ♦❢ t❤❡ ♣r♦❞✉❝t ♦r str✉❝t✉r❡ t♦ ❝❤♦♦s❡ ❛♥ ♦♣t✐♠✉♠
❝♦♠❜✐♥❛t✐♦♥✳ ❈♦❝❦♣✐t ❢✉r♥✐t✉r❡ ❢♦r ❡①❛♠♣❧❡✱ ❛r❡ ♠❛❞❡ ♦❢ ♣r❡♣r❛❣s✶✳

❋✐❣✉r❡ ✶✳✻✿ ❉✐✛❡r❡♥t t②♣❡s ♦❢ ❝♦♠♣♦s✐t❡s✳ ❬❍❡①✵✾❪

❚❤❡ ♠❛tr✐① ♦❢ ♠♦st ❝♦♠♠❡r❝✐❛❧❧② ♣r♦❞✉❝❡❞ ❝♦♠♣♦s✐t❡s ❛r❡ ♠❛❞❡ ♦❢ ♣♦❧②♠❡r
♠❛t❡r✐❛❧✱ ♦❢t❡♥ ❝❛❧❧❡❞ r❡s✐♥ s♦❧✉t✐♦♥✳ ❚❤❡ ♠♦st ❝♦♠♠♦♥ ❛r❡ ♣♦❧②❡st❡r✱ ✈✐♥②❧
❡st❡r✱ ❡♣♦①②✱ ♣❤❡♥♦❧✐❝✱ ♣♦❧②✐♠✐❞❡✱ ♣♦❧②❛♠✐❞❡✱ ♣♦❧②♣r♦♣②❧❡♥❡✱ P❊❊❑✱ ❛♥❞ ♦t❤✲
❡rs✳

✶Pr❡♣r❛❣s ❛r❡ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❛ ♠❛tr✐① ❛♥❞ ✜❜r❡ r❡✐♥❢♦r❝❡♠❡♥t✳ ❚❤❡② ❛r❡ r❡❛❞② t♦ ✉s❡ ✐♥

t❤❡ ❝♦♠♣♦♥❡♥t ♠❛♥✉❢❛❝t✉r✐♥❣ ♣r♦❝❡ss✳

✶✺



✶✳✸ ❈♦♠♣♦s✐t❡s

✶✳✸✳✷ ▼❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s

❚❤❡ str❡♥❣t❤ ♦❢ ❝♦♠♣♦s✐t❡s ❞❡♣❡♥❞s ♦♥ t❤❡ r❛t✐♦ ♦❢ r❡s✐♥ t♦ ✜❜r❡✳ ■♥ ❝❛s❡
♦❢ ✜❜r❡ ❣❧❛ss r❡✐♥❢♦r❝❡❞ ♣r❡♣r❛❣s t❤❡ ✐❞❡❛❧ r❛t✐♦ ✐s ❛❜♦✉t ✻✵✪ ✜❜r❡s ❛♥❞ ✹✵✪
r❡s✐♥✳ ❈♦♠♣❛r❡❞ t♦ ♦t❤❡r ♠❛t❡r✐❛❧s ❧✐❦❡ st❡❡❧ ♦r ❛❧✉♠✐♥✐✉♠✱ ✜❜r❡ r❡✐♥❢♦r❝❡❞
❝♦♠♣♦s✐t❡s ❤❛✈❡ ♥❡❛r❧② ♥♦ ♣❧❛st✐✜❝❛t✐♦♥ ③♦♥❡✳ ❚❤✉s✱ ❛ r✉♣t✉r❡ ❛♣♣❡❛rs ✇✐t❤♦✉t
✈✐s✐❜❧❡ ❛♥♥♦✉♥❝❡♠❡♥t✳ ■t ✐s ❛❧s♦ ❞✐✣❝✉❧t t♦ ❞❡t❡❝t ❜r♦❦❡♥ ❛r❡❛s ❡s♣❡❝✐❛❧❧② ✐❢
t❤❡② ❛r❡ t✐♥②✳ ❯♥❞❡r t❡♥s✐♦♥ t❤❡ ✜❜r❡s r✉♣t✉r❡ ❛♥❞ ✉♥❞❡r ❝♦♠♣r❡ss✐♦♥ t❤❡②
❜✉❝❦❧❡✳ ■❢ ♦♥❝❡ ❛♥ ❛r❡❛ ✐s ❜r♦❦❡♥✱ ❡✈❡♥ ✐❢ ✐t ✐s ❛ s♠❛❧❧ ❛r❡❛✱ t❤❡ ♠❛t❡r✐❛❧ ❞♦❡s
♥♦t s✉♣♣♦rt t❤❡ s❛♠❡ ♠❛①✐♠✉♠ str❡ss ❛♥② ♠♦r❡✳ ❆❧s♦ t❤❡ ❝r❛❝❦ ❝❛♥ ❣r♦✇
❡❛s✐❧②✳

❋✐❣✉r❡ ✶✳✼✿ ❈♦♠♣♦s✐t❡s ♣r♦✈✐❞❡ t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ ❧♦✇❡r ✇❡✐❣❤t✱ ❣r❡❛t❡r
str❡♥❣t❤ ❛♥❞ ❤✐❣❤❡r st✐✛♥❡ss✳ ❬❍❡①✵✾❪

✶✻



✶✳✸ ❈♦♠♣♦s✐t❡s

✶✳✸✳✸ Pr♦❝❡ss✐♥❣

■♥ ❣❡♥❡r❛❧✱ t❤❡ ❝♦♠♣♦s✐t❡ ❝♦♠♣♦♥❡♥ts ❛r❡ ❝♦♠❜✐♥❡❞✱ ❝♦♠♣❛❝t❡❞ ❛♥❞ ♣r♦❝❡ss❡❞
t♦ ✉♥❞❡r❣♦ ❛ ❤❛r❞❡♥✐♥❣ ❡✈❡♥t✳ ❆❢t❡r t❤❡ ❤❛r❞❡♥✐♥❣ ❡✈❡♥t✱ t❤❡ ♣❛rt s❤❛♣❡ ✐s
❡ss❡♥t✐❛❧❧② s❡t✳ ■♥ ❣❡♥❡r❛❧✱ ❢♦r ❛ t❤❡r♠♦s❡t✷ ♣♦❧②♠❡r✐❝ ♠❛tr✐① ♠❛t❡r✐❛❧✱ t❤❡
❤❛r❞❡♥✐♥❣ ❡✈❡♥t ✐s ❛ ❝✉r✐♥❣ ✉♥❞❡r ❤✐❣❤ t❡♠♣❡r❛t✉r❡✳ ❋♦r ❛ t❤❡r♠♦♣❧❛st✐❝✸

♣♦❧②♠❡r✐❝ ♠❛tr✐① ♠❛t❡r✐❛❧✱ t❤❡ ❤❛r❞❡♥✐♥❣ ❡✈❡♥t ✐s ❛ s♦❧✐❞✐✜❝❛t✐♦♥✳ ❈♦❝❦♣✐t
❢✉r♥✐t✉r❡ ❛r❡ s❡❝♦♥❞ str✉❝t✉r❡ ♣❛rts ✉♥❧✐❦❡ ♣r✐♠❛r② str✉❝t✉r❡✱ t❤❡② ❞♦ ♥♦t ❤❛✈❡
t♦ s✉♣♣♦rt ❡①tr❡♠❡ str❡ss❡s✳ ❆ ❝♦♠♠♦♥ ✇❛② t♦ ♣r♦❞✉❝❡ ❝♦♠♣♦s✐t❡ ♣❛rts ✐s ❜②
✉s✐♥❣ ♣r❡♣r❛❣s✳ ❈♦❝❦♣✐ts ❛r❡ ♠❛❞❡ ♦❢ ♣r❡♣r❛❣s ❛♥❞ ♣r♦❝❡ss❡❞ ❜② t❤❡ ✈❛❝✉✉♠
❜❛❣ ♠❡t❤♦❞✳ ❋✐❣✉r❡ ✶✳✽ s❤♦✇s t❤❡ ♣r❡♣r❛❣ ♣r♦❝❡ss✐♥❣ ♠❡t❤♦❞s✳ Pr❡♣r❛❣s
❛r❡ st♦❝❦❡❞ ❛t ✲✶✽➦❈ ❛♥❞ ❤❛✈❡ t♦ ❜❡ ❞❡❢r♦st❡❞ ❜❡❢♦r❡ s❤❛♣✐♥❣ t❤❡♠ ❛t r♦♦♠
t❡♠♣❡r❛t✉r❡✳ ❋✐❣✉r❡ ✶✳✽ s❤♦✇s t❤❡ ♠♦st ❝♦♠♠♦♥ ♣r♦❝❡ss✐♥❣ ♣r♦❝❡❞✉r❡s✳

❱❛❝✉✉♠ ❜❛❣ ♠♦✉❧❞✐♥❣ ❚❤❡ ❞❡❢r♦st❡❞ ♣r❡♣r❛❣s ❛r❡ s❤❛♣❡❞ ❜② ❛♣♣❧②✐♥❣ t❤❡♠
♦♥t♦ ❛ r✐❣✐❞ ♠♦✉❧❞✳ ❇❡❢♦r❡ t❤❡ ❝✉r✐♥❣ ✐♥ t❤❡ ♦✈❡♥✱ t❤❡ ❝♦♥str✉❝t✐♦♥ ✐s s❡t ✉♥❞❡r
✈❛❝✉✉♠ ❜② ✇r❛♣♣✐♥❣ ✐t ✐♥ ❛ ✈❛❝✉✉♠ ❜❛❣✳ ❚❤✐s ❝♦♠♣❛❝ts t❤❡ ❝♦♠♣♦s✐t❡✳

❆✉t♦❝❧❛✈❡ ♠♦✉❧❞✐♥❣ ❚❤❡ ♣r♦❝❡ss✐♥❣ ✐s s✐♠✐❧❛r t♦ t❤❡ ✈❛❝✉✉♠ ❜❛❣ ♠❡t❤♦❞✳
❚❤❡ ❞✐✛❡r❡♥❝❡ t♦ t❤❡ ♦✈❡♥ ✐s t❤❛t t❤❡ ❛✉t♦❝❧❛✈❡ ♠❛❦❡s ♣r❡ss✉r❡✳ ❚❤✐s ❡♥❛❜❧❡s
❛ ❤✐❣❤❡r ✜❜r❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ❛♥❞ ❛ ❧♦✇❡r ✈♦✐❞ ❝♦♥t❡♥t ❢♦r ❤✐❣❤ str✉❝t✉r❛❧
❡✣❝✐❡♥❝②✳

❘❡s✐♥ tr❛♥s❢❡r ♠♦✉❧❞✐♥❣ ✭❘❚▼✮ ❚❤❡ r❡s✐♥ tr❛♥s❢❡r ♠♦✉❧❞✐♥❣ ❞♦❡s ♥♦t ❛♣✲
♣❧② ♣r❡♣r❛❣s✳ ❚❤❡ r❡✐♥❢♦r❝❡♠❡♥t ✐s ♣❧❛❝❡❞ ✐♥ t❤❡ ❝❛✈✐t② ♦❢ ❛ t✇♦✲s✐❞❡❞ ♠♦✉❧❞✳
❚❤❡♥✱ r❡s✐♥ ✐s ✐♥❥❡❝t❡❞ ✉♣ t♦ t❤❡ ❢✉❧❧♥❡ss ♦❢ t❤❡ ❝❛✈✐t②✳

❖t❤❡r ♠❡t❤♦❞s ❱❛❝✉✉♠ ❜❛❣ ♠♦✉❧❞✐♥❣✱ ❛✉t♦❝❧❛✈❡ ♠♦✉❧❞✐♥❣ ❛♥❞ r❡s✐♥ tr❛♥s✲
❢❡r ♠♦✉❧❞✐♥❣ ❛r❡ t❤❡ ♠♦st ❝♦♠♠♦♥ ❝♦♠♣♦s✐t❡s ♣r♦❝❡ss✐♥❣ ♠❡t❤♦❞s ✐♥ t❤❡ ❛✈✐✲
❛t✐♦♥ ✐♥❞✉str②✳ ❖t❤❡r ♠❡t❤♦❞s ❛r❡ ♠❛t❝❤ ♠♦✉❧❞✐♥❣ ♣r♦❝❡ss✱ ♣r❡ss✉r❡ ❜❛❣
♣r♦❝❡ss ❛♥❞ t✉❜❡ r♦❧❧✐♥❣ ♣r♦❝❡ss✳ ❚❤❡s❡ ♣r♦❝❡ss❡s ✐♥❝❧✉❞❡ ♣r❡♣r❛❣s✳ ❖t❤❡r
♠❡t❤♦❞s ✇✐t❤♦✉t ♣r❡♣r❛❣s ❛r❡ ♣r❡ss ♠♦✉❧❞✐♥❣✱ tr❛♥s❢❡r ♠♦✉❧❞✐♥❣ ❛♥❞ ♠❛♥②
♠♦r❡✳ ❚❤❡r❡ ❛r❡ ❛❧s♦ ❢♦r♠✐♥❣ ❝❛♣❛❜✐❧✐t✐❡s ✐♥❝❧✉❞✐♥❣ ❈◆❈ ✜❧❛♠❡♥t ✇✐♥❞✐♥❣✱

✷♣❧❛st✐❝ t❤❛t ❤❛r❞❡♥s ✉♥❞❡r ❤✐❣❤ t❡♠♣❡r❛t✉r❡
✸♣❧❛st✐❝ t❤❛♥ ❝❛♥ ❜❡ s❤❛♣❡❞ ✉♥❞❡r ❤✐❣❤ t❡♠♣❡r❛t✉r❡

✶✼



✶✳✸ ❈♦♠♣♦s✐t❡s

❋✐❣✉r❡ ✶✳✽✿ ❉✐✛❡r❡♥t ♣r❡♣r❛❣ ♣r♦❝❡ss✐♥❣ ♠❡t❤♦❞s ❬❍❡①✵✾❪

✈❛❝✉✉♠ ✐♥❢✉s✐♦♥✱ ✇❡t ❧❛②✲✉♣✱ ❝♦♠♣r❡ss✐♦♥ ♠♦✉❧❞✐♥❣✱ ❛♥❞ t❤❡r♠♦♣❧❛st✐❝ ♠♦✉❧❞✲
✐♥❣✳ ❬❲✐❦✵✹❪

✶✳✸✳✹ ❙❛♥❞✇✐❝❤

❙❛♥❞✇✐❝❤ ♣❛♥❡❧s ❛r❡ ❜❡❝♦♠✐♥❣ ♠♦r❡ ❛♥❞ ♠♦r❡ ♣♦♣✉❧❛r ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥
✐♥❞✉str② ❞✉❡ t♦ t❤❡✐r ✇✐❞❡s♣r❡❛❞ str✉❝t✉r❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❜♦t❤ ❝♦♠♠❡r❝✐❛❧
❛♥❞ r❡s✐❞❡♥t✐❛❧ ❜✉✐❧❞✐♥❣ s②st❡♠s✳ ■♥ t❤❡ ✇✐❞❡st s❡♥s❡ ❛ s❛♥❞✇✐❝❤ ❝❛♥ ❜❡ ❡✈❡r②
♠✉❧t✐✲❧❛②❡r❡❞ s✉r❢❛❝❡ str✉❝t✉r❡✳ ❇✉t ✐♥ t❤❡ tr✉❡ s❡♥s❡ ❛ s❛♥❞✇✐❝❤ ❝♦♥s✐sts ♦❢

✶✽



✶✳✸ ❈♦♠♣♦s✐t❡s

t❤r❡❡ ❧❛②❡rs✿ ❚✇♦ t❤✐♥✱ st✐✛ ❛♥❞ str♦♥❣ s❤❡❡ts ♦❢ ❞❡♥s❡ ♠❛t❡r✐❛❧ s❡♣❛r❛t❡❞ ❜②
❛♥❞ ❜♦♥❞❡❞ r✐❣✐❞❧② t♦ t❤❡ ❝❡♥tr❡ ❝♦r❡ ♦❢ ❧✐❣❤t❡r✱ ✇❡❛❦❡r✱ ❧❡ss st✐✛ ❛♥❞ ❧♦✇✲
❞❡♥s✐t② ♠❛t❡r✐❛❧✳ ❚❤❡ t✇♦ t❤✐♥ s❤❡❡ts ❛r❡ ✉s✉❛❧❧② ❝❛❧❧❡❞ ✧❢❛❝❡s✧ ❛♥❞ t❤❡ ✐♥♥❡r
t❤✐❝❦ ❧❛②❡r ✐s ❝❛❧❧❡❞ ✧❝♦r❡✧✳ ❋❛❝❡s ❛r❡ ❝♦♠♠♦♥❧② ♠❛❞❡ ♦❢ st❡❡❧✱ ❛❧✉♠✐♥✐✉♠ ♦r
✜❜r❡ r❡✐♥❢♦r❝❡❞ ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛❧✳ ❚❤❡ ❝♦r❡ ♠❛t❡r✐❛❧ ♠❛② ❜❡ s♦♠❡ s♦rt ♦❢
❢♦❛♠ ♦r ❛ ❤♦♥❡②❝♦♠❜ str✉❝t✉r❡ ✭s❡❡ ✜❣✉r❡ ✶✳✾✮✳ ❋✐❣✉r❡ ✶✳✶✵ s❤♦✇s t❤❡ ❡✣❝✐❡♥❝②
♦❢ s❛♥❞✇✐❝❤ str✉❝t✉r❡ ❝♦♠♣❛r❡❞ t♦ ❝♦♠♣♦s✐t❡s ✇✐t❤♦✉t ❤♦♥❡②❝♦♠❜✳ ❬❲✐❡✵✼❪
❬❑❊✵✻❪ ❬●❛②✾✼❪

❋✐❣✉r❡ ✶✳✾✿ ❉✐✛❡r❡♥t s❛♥❞✇✐❝❤ ❝♦r❡s ❬❲✐❡✵✼❪

❋✐❣✉r❡ ✶✳✶✵✿ ❙❛♥❞✇✐❝❤ ❝♦♠♣❛r❡❞ t♦ t✐ss✉❡ ❝♦♠♣♦s✐t❡ ❬❍❡①✵✾❪
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✶✳✹ ❆♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥ ❜❛s✐❝ ❦♥♦✇❧❡❞❣❡

✶✳✹ ❆♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥ ❜❛s✐❝ ❦♥♦✇❧❡❞❣❡

❚♦ ❜❡ ❛❜❧❡ t♦ ❡st✐♠❛t❡ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ❝♦♠♣♦s✐t❡s ✐t ✐s ♥❡❝❡ss❛r② t♦ ❤❛✈❡ ❛
st✐✛♥❡ss ♠❛tr✐①✳ ❚♦ ❣❡t t❤✐s ♠❛tr✐①✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ s♣❧✐t ✉♣ t❤❡ ❝♦♠♣♦s✐t❡s
✐♥ ✐ts ♣✉r❡ ❝♦♠♣♦♥❡♥ts✳ ❙♦ t❤❡r❡ ❛r❡ ❞✐✛❡r❡♥t ❧❡✈❡❧s t♦ ❧♦♦❦ ❛t✿ ❚❤❡ ❧❡✈❡❧
♦❢ t❤❡ ♠✉❧t②✲❧❛②❡r❡❞ ✜❜r❡❣❧❛ss✱ t❤❡ ❧❡✈❡❧ ♦❢ ♦♥❡ ✉♥✐✲❞✐r❡❝t✐♦♥❛❧ ✜❜r❡❣❧❛ss ❧❛②❡r
❛♥❞ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ♣✉r❡ ✜❜r❡ ❛♥❞ ♣✉r❡ r❡s✐♥✳ ❋♦r s❛♥❞✇✐❝❤ str✉❝t✉r❡ t❤❡r❡ ✐s
❛❧s♦ t❤❡ s❛♥❞✇✐❝❤ ❧❡✈❡❧✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐t ✇✐❧❧ ❜❡ s❤♦✇♥ ❤♦✇ t♦ ♦❜t❛✐♥ ❡✈❡r②
♥❡❡❞❡❞ ✈❛❧✉❡✳

✶✳✹✳✶ ❇❛s✐❝ ✈❛❧✉❡s ❞❡✜♥✐t✐♦♥

P✉r❡ ♠❛t❡r✐❛❧ ✈❛❧✉❡s ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ♠❛t❡r✐❛❧ ♠❛♥✉❢❛❝t✉r❡r✱ s❡❡ s❡❝t✐♦♥ ✷✳✶
♦♥ ♣❛❣❡ ✸✹✳ ■♥ r❡❛❧✐t② t❤❡ ✜❜r❡❣❧❛ss ✐s ❛ t✐ss✉❡ ✇✐t❤ ✜❜r❡s ♦r✐❡♥t❛t❡❞ ♣❡r♣❡♥✲
❞✐❝✉❧❛r t♦ ❡❛❝❤ ♦t❤❡r✳ ❇✉t t♦ ❝❛❧❝✉❧❛t❡ ✐t t❤❡ s❛♠❡ ✇❛② ❛s t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t
s♦❧✈❡r ◆❆❙❚❘❆◆✱ ✐t ✐s s❡♣❛r❛t❡❞ ✐♥t♦ t✇♦ ❧❛②❡rs ✇✐t❤ ❤❛❧❢ t❤❡ t❤✐❝❦♥❡ss ❛♥❞
❛ ❞✐✛❡r❡♥t ♦r✐❡♥t❛t✐♦♥ ♦❢ ✾✵➦✳

E‖ ♦❢ ❛ ♠✐①❡❞ ❧❛②❡r ♦❢ r❡s✐♥ ❛♥❞ ✉♥✐❛①✐❛❧ ✜❜r❡❣❧❛ss ❋✐❣✉r❡ ✶✳✶✶ s❤♦✇s t❤❡
❡q✉❛t✐♦♥ t❤❛t ✐s ♥❡❡❞❡❞ t♦ ♦❜t❛✐♥ E‖✳ ϕ ✐s t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡
✜❜r❡s ❛♥❞ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ r❡s✐♥✳

❋✐❣✉r❡ ✶✳✶✶✿ E‖ ♦❢ ❛ ♠✐①❡❞ ❧❛②❡r ♦❢ r❡s✐♥ ❛♥❞ ✉♥✐❛①✐❛❧ ✜❜r❡❣❧❛ss

✷✵



✶✳✹ ❆♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥ ❜❛s✐❝ ❦♥♦✇❧❡❞❣❡

E⊥ ♦❢ ❛ ♠✐①❡❞ ❧❛②❡r ♦❢ r❡s✐♥ ❛♥❞ ✉♥✐❛①✐❛❧ ✜❜r❡❣❧❛ss ❋✐❣✉r❡ ✶✳✶✷ s❤♦✇s t❤❡
❢♦r♠✉❧❛ t❤❛t ✐s ♥❡❡❞❡❞ t♦ ♦❜t❛✐♥ E⊥ ❛❧s♦ ♥❛♠❡❞ Ey✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ♦rt❤♦tr♦♣②
t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ✐s ♣♦ss✐❜❧❡✿ Ey ❂ Ez

❋✐❣✉r❡ ✶✳✶✷✿ E⊥ ♦❢ ❛ ♠✐①❡❞ ❧❛②❡r ♦❢ r❡s✐♥ ❛♥❞ ✉♥✐❛①✐❛❧ ✜❜r❡❣❧❛ss

G⊥‖ ♦❢ ❛ ♠✐①❡❞ ❧❛②❡r ♦❢ r❡s✐♥ ❛♥❞ ✉♥✐❛①✐❛❧ ✜❜r❡❣❧❛ss ❚❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡
G⊥‖ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✶✳✶✸✳

❋✐❣✉r❡ ✶✳✶✸✿ G⊥‖ ♦❢ ❛ ♠✐①❡❞ ❧❛②❡r ♦❢ r❡s✐♥ ❛♥❞ ✉♥✐❛①✐❛❧ ✜❜r❡❣❧❛ss

ν⊥‖ ♦❢ ❛ ♠✐①❡❞ ❧❛②❡r ♦❢ r❡s✐♥ ❛♥❞ ✉♥✐❛①✐❛❧ ✜❜r❡❣❧❛ss ❚❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡
ν⊥‖ ✐s s❤♦✇♥ ♦♥ ✜❣✉r❡ ✶✳✶✹✳

✷✶



✶✳✹ ❆♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥ ❜❛s✐❝ ❦♥♦✇❧❡❞❣❡

❋✐❣✉r❡ ✶✳✶✹✿ ν⊥‖ ♦❢ ❛ ♠✐①❡❞ ❧❛②❡r ♦❢ r❡s✐♥ ❛♥❞ ✉♥✐❛①✐❛❧ ✜❜r❡❣❧❛ss

✶✳✹✳✷ ❙t✐✛♥❡ss ♠❛tr✐❝❡s ❞❡✜♥✐t✐♦♥

❍♦♥❡②❝♦♠❜

❚❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ❛ ♠❛t❡r✐❛❧ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❡❧❛st✐❝❛❧ ❧❛✇ ❝♦♥t❛✐♥✐♥❣ t❤❡
st✐✛♥❡ss ♠❛tr✐① ❬◗❪✳







σx

σy

τx,y







12

=









Q11 Q12 Q16

Q21 Q22 Q26

Q16 Q26 Q66









12

·







εx

εy

γx,y







12

❚♦ ❞❡s❝r✐❜❡ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❤♦♥❡②❝♦♠❜ ❛s ❛ ❤♦♠♦❣❡♥❡♦✉s ♦rt❤♦tr♦♣✐❝
♠❛t❡r✐❛❧✱ ❜❛s✐❝ ✈❛❧✉❡s ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ st✐✛♥❡ss ♠❛tr✐① ❛s ❢♦❧❧♦✇❡❞✿

✷✷



✶✳✹ ❆♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥ ❜❛s✐❝ ❦♥♦✇❧❡❞❣❡

[Q] =










E‖

1−ν⊥‖·ν‖⊥

ν‖⊥·E‖

1−ν⊥‖·ν‖⊥
0

ν⊥‖·E⊥

1−ν⊥‖·ν‖⊥

E⊥

1−ν⊥‖·ν‖⊥
0

0 0 G⊥‖










❋✐❜r❡❣❧❛ss

❆❢t❡r ♦❜t❛✐♥✐♥❣ t❤❡ ❜❛s✐❝ ✈❛❧✉❡s E‖ ✱ E⊥✱ ● ❛♥❞ ν⊥‖ ♦❢ t❤❡ ✜❜r❡❣❧❛ss ❧❛②❡r✱
t❤❡ st✐✛♥❡ss ♠❛tr✐❝❡s ❢♦r ♦♥❡ ❧❛②❡r ❛r❡ ❣❡♥❡r❛t❡❞✳ ❚❤❡ st✐✛♥❡ss ♠❛tr✐① ♦❢ ❛♥
♦rt❤♦tr♦♣✐❝ ♠❛t❡r✐❛❧ ✐s ❝♦♠♣♦s❡❞ ❛s ❢♦❧❧♦✇s✿

[Q] =










E‖

1−ν⊥‖·ν‖⊥

ν‖⊥·E‖

1−ν⊥‖·ν‖⊥
0

ν⊥‖·E⊥

1−ν⊥‖·ν‖⊥

E⊥

1−ν⊥‖·ν‖⊥
0

0 0 G⊥‖










❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ ✜rst ❧❛②❡r ♦❢ t❤❡ ✜❜r❡❣❧❛ss ♣❧② ✐s ❛❧r❡❛❞② ♦r✐❡♥t❛t❡❞ ✐♥ t❤❡
❣❧♦❜❛❧ ❝♦♦r❞✐♥❛t❡ s②st❡♠✳

[
Q̄

]
=

[
Q

]

1,2

❚❤❡ s❡❝♦♥❞ ♣❧② ✐s r♦t❛t❡❞ ❜② t❤❡ ❛♥❣❧❡ ♦❢ α✳ ❚❤❡r❡❢♦r❡ t❤❡ st✐✛♥❡ss ♠❛tr✐①
[Q]12 ❛♥❞ t❤❡ str❛✐♥s σ12 ♠✉st ❜❡ ♠✉❧t✐♣❧✐❡❞ ✇✐t❤ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐①

❬❚❪
(σ)
1,2→x,y✳

❚❤❡ ✶✱✷✲❝♦♦r❞✐♥❛t❡ s②st❡♠ ♦❢ ♦♥❡ ❯❉✲♣❧② ✐s✿

{
σ
}

1,2
=

[
Q

]

1,2
·

{
ε
}

1,2

❚r❛♥s❢♦r♠❛t✐♦♥ ♦❢ str❛✐♥s σ ❞❡❢♦r♠❛t✐♦♥s τ ♦❢ t❤❡ ✶✱✷✲❝♦♦r❞✐♥❛t❡s s②st❡♠s ✐♥
t❤❡ ①✱②✲❝♦♦r❞✐♥❛t❡ s②st❡♠✳

{
σ
}

x,y
=

[
T

](σ)

1,2→x,y
·

{
σ
}

1,2

✷✸



✶✳✹ ❆♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥ ❜❛s✐❝ ❦♥♦✇❧❡❞❣❡

[
T

](σ)

1,2→x,y
=





cos2 α sin2 α − sin 2 · α
sin2 α cos2 α sin 2 · α

0, 5 · sin 2 · α −0, 5 · sin 2 · α cos 2 · α





■♥❝❧✉s✐♦♥ ♦❢ t❤❡ ❡❧❛st✐❝❛❧ ❧❛✇ ✐♥t♦ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❝♦rr❡❧❛t✐♦♥✿

{
σ
}

x,y
=

[
T

](σ)

1,2→x,y
·

[
Q

]

1,2
·

{
ǫ
}

1,2

❇② ❞♦✉❜❧❡ tr❛♥s❢♦r♠❛t✐♦♥ ✇❡ ♦❜t❛✐♥ t❤❡ tr❛♥s❢♦r♠❡❞ st✐✛♥❡ss ♠❛tr✐①
[
Q̄

]

[
Q̄

]
=

[
T

](σ)

1,2→x,y
·

[
Q

]

1,2
·

[
T

](ε)

x,y→1,2

[
T

](ε)

x,y→1,2
=





cos2 α sin2 α 0, 5 · sin 2 · α
sin2 α cos2 α −0, 5 · sin 2 · α

− sin 2 · α sin 2 · α cos 2 · α





❚♦ ❤❛♥❞❧❡ t❤❡ ♠❛♥② ❞✐✛❡r❡♥t ♦r✐❡♥t❛t❡❞ ❧❛②❡rs ♦❢ ✜❜r❡❣❧❛ss t♦❣❡t❤❡r ✐t ✐s ♥❡❝✲
❡ss❛r② t♦ ❞❡t❡r♠✐♥❡ ❛ ❣❧♦❜❛❧ ❨♦✉♥❣✬s ♠♦❞✉❧✉s ❢♦r ❡❛❝❤ ❞✐r❡❝t✐♦♥ ✭Ex, Ey✮✱ ❛
❣❧♦❜❛❧ s❤❡❛r ♠♦❞✉❧✉s ✭●✮ ❛♥❞ ❛ ❣❧♦❜❛❧ ♣♦✐ss♦♥✬s r❛t✐♦ ✭ν✮✳ ❲✐t❤ t❤❡s❡ ❣❧♦❜❛❧
✈❛❧✉❡s ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ t❤❡ ❣❧♦❜❛❧ ♠❛tr✐① ♦❢ t❤❡ ❧❛②❡r ❡♥s❡♠❜❧❡✳ ❇✉t ♦♥❝❡
t❤❡ ❬◗❪ ♠❛tr✐❝❡s ♦❢ ❡❛❝❤ ❧❛②❡r ❛r❡ ❞❡✜♥❡❞✱ ✐t ✐s ❡❛s✐❡r t♦ s❦✐♣ t❤❡ ❣❧♦❜❛❧✲✈❛❧✉❡s✲
❝❛❧❝✉❧❛t✐♦♥ ❛♥❞ ❛♣♣❧② ❞✐r❡❝t❧② t❤❡ ♠✐①t✉r❡ ❧❛✇ t♦ ♦❜t❛✐♥ ♦♥❡ st✐✛♥❡ss ♠❛tr✐①
❢♦r ♦♥❡ ❣❧♦❜❛❧ ❝♦♦r❞✐♥❛t❡ s②st❡♠✳ ❚❤❡ ❡q✉❛t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ❛s t❤✐s✿

[

Q̂
]

fiberglass
=

∑n

k=1

[
Q̄

]

xy,k
· tk

t

■t ✐s ❜❛s❡❞ ♦♥ t✇♦ ❝♦♥❞✐t✐♦♥s✿

❚❤❡ ❣❧♦❜❛❧ ❢♦r❝❡ ✐s ❡q✉❛❧ t♦ t❤❡ s✉♠ ♦❢ ❢♦r❝❡s ♦♥ ❛❧❧ ❧❛②❡rs ❛s s❤♦✇♥ ✐♥ ♣✐❝t✉r❡
✶✳✶✺

{
n̂
}

=
∑ {

n
}

k

✷✹



✶✳✹ ❆♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥ ❜❛s✐❝ ❦♥♦✇❧❡❞❣❡

❋✐❣✉r❡ ✶✳✶✺✿ ❊q✉✐✈❛❧❡♥❝❡ ♦❢ ❢♦r❝❡s

✇✐t❤✿ n = Fx

b
✇❤❡r❡ Fx r❡♣r❡s❡♥ts t❤❡ ❛♣♣❧✐❡❞ ❢♦r❝❡ ❛♥❞ ❜ r❡♣r❡s❡♥ts t❤❡ ✇✐❞t❤

♦❢ ❛ ❧❛②❡r

❚❤❡ r✐❣✐❞✐t② ♦❢ ❛❧❧ ❧❛②❡rs ✐s ❡q✉❛❧ t♦ t❤❡ s✉♠ ♦❢ r✐❣✐❞✐t✐❡s ♦❢ ❡❛❝❤ ❧❛②❡r✳

❋✐❣✉r❡ ✶✳✶✻✿ ❊q✉✐✈❛❧❡♥❝❡ ♦❢ r✐❣✐❞✐t②

keq =
∑

ki

❉❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❢♦r❝❡s✱ t❤❡ ❡q✉✐✈❛❧❡♥❝❡
♦❢ r✐❣✐❞✐t② ❛♥❞ t❤❡ ♠✐①t✉r❡ ❧❛✇✳

F = k · ∆x

σ = Q · ε

σ =
F

S
=

F

b
︸︷︷︸

n

·
1

t
= Q ·

∆x

x

n = Q · t ·
∆x

x

✷✺



✶✳✹ ❆♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥ ❜❛s✐❝ ❦♥♦✇❧❡❞❣❡

nk = Qk · tk ·
∆x

x
{
n̂
}

=
[

Q̂
]
· t ·

∆x

x
︸ ︷︷ ︸

=
∑

nk =
∑

(Qk · tk) ·
∆x

x
︸ ︷︷ ︸

[

Q̂
]

=

∑
(Qk · tk)

t

❙❛♥❞✇✐❝❤

❚❤❡ ❝♦♠♣♦✉♥❞ ♦❢ ❛ t❤✐♥ ♠✉❧t✐✲❧❛②❡r❡❞ ✉♣♣❡r ✜❜r❡❣❧❛ss ❝♦❛t ✭✉❢✮✱ ❛ t❤✐❝❦ ❤♦♥✲
❡②❝♦♠❜ ❧❛②❡r ✭❤❝✮ ❛♥❞ t❤✐♥ ♠✉❧t✐✲❧❛②❡r❡❞ ❧♦✇❡r ✜❜r❡❣❧❛ss ❝♦❛t ✭❧❢✮ ❝❛♥ ❛❧s♦ ❜❡
❞❡s❝r✐❜❡❞ ✐♥ ♦♥❡ st✐✛♥❡ss ♠❛tr✐①✳ ❚♦ ♦❜t❛✐♥ ✐t✱ ✐t ✐s t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ❛s ❢♦r
♦♥❡ ♠✉❧t✐✲❧❛②❡r❡❞ ✜❜r❡❣❧❛ss ♣❛♥❡❧✿ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♠✐①✐♥❣ ❧❛✇✳

[

Q̂
]

sandwich
=

[

Q̂
]

uf
· tuf +

[

Q̂
]

hc
· thc +

[

Q̂
]

lf
· tlf

tsum

■♥st❡❛❞ ♦❢
{
σ
}

=
[
Q

]
·

{
ε
}

❛♥♦t❤❡r✱ ♠♦r❡ ❝♦♠♠♦♥ ✇❛② t♦ ❞❡s❝r✐❜❡ ❛ ♠✉❧t✐✲
❧❛②❡r❡❞ ♠❛t❡r✐❛❧ ✐s✿

{
n
}

=

[
[A] [B]
[B] [D]

]

·

{
ε
}







nx

ny

nxy

mx

my

mxy







=











A11 A12 A16 B11 B12 B16

A12 A22 A26 B12 B22 B26

A16 A26 A66 B16 B26 B66

B11 B12 B16 D11 D12 D16

B12 B22 B16 D12 D22 D26

B16 B26 B66 D16 D26 D66











·







ǫx

ǫy

γxy

κx

κy

κxy
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✶✳✺ ❙♦❢t✇❛r❡

❚r②✐♥❣ t♦ r❡❞✉❝❡ t❤❡ t❡❝❤♥♦❧♦❣✐❝❛❧ ❧❡❛❞ ♦❢ t❤❡ ❙♦✈✐❡t ❯♥✐♦♥ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣
♦❢ t❤❡ s✐①t✐❡s✱ ❆♠❡r✐❝❛ ✐♥✈❡st❡❞ ❛ ❧♦t ♦❢ ♠♦♥❡② ✐♥t♦ ◆❆❙❆ ✭◆❛t✐♦♥❛❧ ❆❡r♦✲
♥❛✉t✐❝s ❛♥❞ ❙♣❛❝❡ ❆❞♠✐♥✐str❛t✐♦♥✮✳ ❆t t❤❛t t✐♠❡ t❤❡ ●♦❞❞❛r❞ ❙♣❛❝❡ ❈❡♥t❡r
❢♦r ❙♣❛❝❡❝r❛❢t ❉❡s✐❣♥ ❞❡✈❡❧♦♣❡❞ t❤❡ ◆❆❙❆ ❙tr✉❝t✉r❛❧✲❆♥❛❧②s✐s✲Pr♦❣r❛♠ ◆❆❙✲
❚❘❆◆✳ ❚❤❡ ✜rst ❝♦♠♠❡r❝✐❛❧ ✈❡rs✐♦♥ ✇❛s r❡❧❡❛s❡❞ ❛s ▼❙❈✳◆❆❙❚❘❆◆ ✐♥ ✶✾✽✷
❜② t❤❡ ▼❝◆❡❛❧✲❙❝❤✇❡♥❞❧❡r ❈♦r♣♦r❛t✐♦♥ ✭▼❙❈✮✳ ❙✐♥❝❡ t❤❡♥✱ ♠❛♥② ❞✐✛❡r❡♥t
❞✐str✐❜✉t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❜② ♦t❤❡r ❝♦♠♣❛♥✐❡s✳ ❚❤❡ ✇♦r❧❞ ❧❡❛❞❡r ♦❢
▼❈❆❊ ✭▼❡❝❤❛♥✐❝❛❧ ❈♦♠♣✉t❡r ❆✐❞❡❞ ❊♥❣✐♥❡❡r✐♥❣✮ ♣r♦❞✉❝ts ✲ ▼❙❈ ❙♦❢t✇❛r❡
✲ s✉♣♣♦rts ✐ts ❝✉st♦♠❡rs ✇♦r❧❞✇✐❞❡ ✐❢ ❤❡❧♣ ✐s ♥❡❡❞❡❞✳ ◆❆❙❚❘❆◆ ✐s ❛✈❛✐❧❛❜❧❡
♦♥ ♠❛♥② ❝♦♠♣✉t❡r ♦♣❡r❛t✐♥❣ s②st❡♠s✱ ❢r♦♠ ✸✷✲❜✐t P❈s t♦ s✉♣❡r❝♦♠♣✉t❡rs✳

❋✐❣✉r❡ ✶✳✶✼✿ P❆❚❘❆◆ s✉r❢❛❝❡ ✉♥❞❡r ❯◆■❳
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✶✳✺ ❙♦❢t✇❛r❡

❚❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ ◆❆❙❚❘❆◆ ❛r❡✿

❼ ♦❢t❡♥ ♣r♦✈❡❞ ❡❧❡♠❡♥t✲ ❛♥❞ r❡s✉❧t q✉❛❧✐t②

❼ r♦❜✉st ❛♥❞ ❡✣❝✐❡♥t ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r ❧✐♥❡❛r s✐♠✉❧❛t✐♦♥s

❼ q✉✐❝❦ ❝❛❧❝✉❧❛t✐♦♥s ❡✈❡♥ ♦♥ ✈❡r② ❜✐❣ ♠♦❞❡❧s

❼ ❛❞❡q✉❛t❡ s✉♣♣♦rt t❤r♦✉❣❤ ♠♦st ♠♦❞❡❧✲ ❛♥❞ r❡s✉❧t ♣r♦❝❡ss♦rs

P❆❚❘❆◆ ✐s ❛ ♣r❡♣r♦❝❡ss♦r ✇❤✐❝❤ ✐s ✉s❡❞ t♦ ❝r❡❛t❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡s❤❡s✳ ■t ✐s
❛❧s♦ ❛ ♣♦st♣r♦❝❡ss♦r ✇❤✐❝❤ ✐s ❛❜❧❡ t♦ s❤♦✇ t❤❡ r❡s✉❧ts t❤❛t ✇❡r❡ ❝❛❧❝✉❧❛t❡❞ ❜②
t❤❡ s♦❧✈❡r ◆❆❙❚❘❆◆✳ ❆ ❝r❡❛t❡❞ ♠♦❞❡❧ ✉♥❞❡r P❆❚❘❆◆ ✐s ❡①♣♦rt❡❞ ✐♥t♦ ❛♥
❆❙❈■■✲✜❧❡ ✇❤✐❝❤ ✐♥❝❧✉❞❡s ❛❧❧ ♥❡❝❡ss❛r② ✐♥❢♦r♠❛t✐♦♥ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥✳ ❖♥ t❤❡
♦♥❡ ❤❛♥❞ t❤❡ ❆❙❈■■ ❞❛t❛s❤❡❡t ❝♦♥s✐sts ♦❢ ❛ ❤❡❛❞ ✇❤✐❝❤ ❝♦♥t❛✐♥s ❞❛t❛ ❛❜♦✉t
t❤❡ ✇❛② ♦❢ ❝❛❧❝✉❧❛t✐♦♥ ✭st❛t✐❝✱ ❞②♥❛♠✐❝✱ ❡t❝✳✳✳✮ ❛♥❞ ✇❤❛t s❤♦✉❧❞ ❜❡ ❝❛❧❝✉❧❛t❡❞
✭✇❤✐❝❤ ❦✐♥❞ ♦❢ str❡ss✱ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ ❡❧❡♠❡♥t✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✐t ✐♥❝❧✉❞❡s
t❤❡ ♠❛✐♥ ♣❛rt ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ❛❧❧ ✉s❡❞ ❡❧❡♠❡♥ts✱ ✐ts ♣r♦♣❡rt✐❡s ❛♥❞ ❧♦❝❛t✐♦♥s✳
■t ❛❧s♦ ❝♦♥s✐sts ♦❢ t❤❡ ❛♣♣❧✐❡❞ t②♣❡ ♦❢ ❧♦❛❞ ❛♥❞ ✜①❛t✐♦♥s✳ ❚❤❡ ❧❛②♦✉t ♦❢ t❤❡
P❆❚❘❆◆ s✉r❢❛❝❡ ✉♥❞❡r ❯◆■❳ ✐s s❤♦✇♥ ♦♥ ✜❣✉r❡ ✶✳✶✼✳ ❚❤❡ ✜❣✉r❡ s❤♦✇s ❛❧s♦
❛ t②♣✐❝❛❧ ❡rr♦r t❤❛t ❛♣♣❡❛rs ✐❢ ❛ ♠❛t❡r✐❛❧ ♥❛♠❡ ✐s ♥♦t ❡♥t❡r❡❞ ♣r♦♣❡r❧②✳

✷✽



✶✳✺ ❙♦❢t✇❛r❡

✷ ❊①♣❡r✐♠❡♥t❛❧✱ ♥✉♠❡r✐❝❛❧ ❛♥❞ ❛♥❛❧②t✐❝❛❧

❛♥❛❧②s✐s ♦❢ ♠♦rt✐s❡ ❛♥❞ t❡♥♦♥ ❥♦✐♥ts

❚❤✐s ❝❤❛♣t❡r s❤♦✇s ❤♦✇ ❛ str✉❝t✉r❛❧ str❡♥❣t❤ ❛♥❛❧②s✐s ✐s ❞♦♥❡ ♦♥ ❥♦✐♥ts ❜②
✉s✐♥❣ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s ✇✐t❤ ◆❆❙❚❘❆◆✴P❆❚❘❆◆✳ ■t ❛❧s♦ ❞❡s❝r✐❜❡s
t❤❡ str✉❝t✉r❛❧ str❡♥❣t❤ ❛♥❛❧②s✐s ✇✐t❤ ❛♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥ ❛♥❞ t❤❡ ❞✐✣❝✉❧t✐❡s
✇✐t❤ ✐t✳ ❚❤❡r❢♦r❡ t❤❡ ❝♦♠♣♦s✐t❡s ❛r❡ ✈✐❡✇❡❞ ✐♥ ❞❡t❛✐❧✳ ❚❤❡ ❢♦❝✉s ❤❡r❡ ✐s ♦♥ t❤❡
▲ s❛♠♣❧❡ ✉♥❞❡r t❡♥s✐♦♥ ❛♥❞ ❝♦♠♣r❡ss✐♦♥ ❧♦❛❞✳

❋✐❣✉r❡ ✷✳✶✿ ❆✹✵✵▼ ❝♦❝❦♣✐t ❢✉r♥✐t✉r❡

❚❤❡ ❝♦❝❦♣✐t ❢✉r♥✐t✉r❡ ✐s ♠❛❞❡ ♦❢ s❛♥❞✇✐❝❤ str✉❝t✉r❡✳ ▲✐❦❡ ✐♥ ♥♦r♠❛❧ ❢✉r♥✐t✉r❡
t❤❡ ❞✐✛❡r❡♥t ✇❛❧❧ ✉♥✐ts ❤❛✈❡ t♦ ❜❡ ❝♦♥♥❡❝t❡❞✳ ❚❤✐s ✐s r❡❛❧✐s❡❞ ❜② ❡q✉✐♣♣✐♥❣ t❤❡
✇❛❧❧ ✉♥✐ts ✇✐t❤ ♠♦rt✐s❡s ❛♥❞ t❡♥♦♥s ❛♥❞ st✐❝❦ t❤❡♠ t♦❣❡t❤❡r✳ ❙❡❡ ✜❣✉r❡ ✷✳✷✳
❚♦ ❦❡❡♣ t❤❡ ❥♦✐♥t t♦❣❡t❤❡r✱ ❛♥ ❛❞❤❡s✐✈❡ ✐s ❛♣♣❧✐❡❞ ✐♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ✉♥✐ts✳

✷✾
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❋✐❣✉r❡ ✷✳✷✿ ❚❤❡ ❛ss❡♠❜❧✐♥❣ ♦❢ ❆✹✵✵▼ ❝♦❝❦♣✐t ❢✉r♥✐t✉r❡ ✐s ❞♦♥❡ ❜② st✐❝❦✐♥❣ t♦✲
❣❡t❤❡r t❤❡ ♠♦rt✐s❡s ❛♥❞ t❡♥♦♥s ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ❤❛❧❧ ♦❢ ❙❚ ❈♦♠✲
♣♦s✐t❡s✳ ❚❤❡ r❡❞ ❝✐r❝❧❡s s✐❣♥✐❢② t✇♦ ❡①❛♠♣❧❡s ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢
❥♦✐♥ts ♦♥ t❤❡ ❢✉r♥✐t✉r❡✳ ❬❙❚✸❪

■t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ♣r❡❞✐❝t ❛t ✇❤✐❝❤ ❡①❛❝t ❧♦❛❞s t❤❡ ❥♦✐♥ts ✇✐❧❧ ❜r❡❛❦✳ ◆❡✈✲
❡rt❤❡❧❡ss✱ t♦ ❜❡ ❛❜❧❡ t♦ ❞❡s✐❣♥ ❛ ❝♦❝❦♣✐t✱ ❆■❘❇❯❙ ❣✐✈❡s t❤❡ ♠❛①✐♠✉♠ str❡ss
✈❛❧✉❡s ✭❛❧s♦ ❝❛❧❧❡❞ ❛❧❧♦✇❛❜❧❡s✮ ❢♦r t❤♦s❡ ❥♦✐♥ts✳ ❚❤❡s❡ ✈❛❧✉❡s ❛r❡ ♦✈❡rs✐③❡❞ t♦
❛ss✉r❡ t❤❛t t❤❡ ❥♦✐♥ts r❡s✐st ❛t ❧❡❛st ✶✵✵✪ ♦❢ t❤❡ ✈❛❧✉❡s✳ ❚♦ ❞❡♠♦♥str❛t❡ t❤❛t
t❤❡ ♠❛♥✉❢❛❝t✉r❡❞ ❥♦✐♥ts ♦❢ ❙❚ ❈❖▼P❖❙■❚❊❙ ❝♦rr❡s♣♦♥❞ ✇✐t❤ t❤❡ ❆■❘❇❯❙
❛❧❧♦✇❛❜❧❡s✱ ❛ t❡st s❡r✐❡s ❤❛s ❜❡❡♥ st❛rt❡❞✳ ❉✐✛❡r❡♥t ♣❛♥❡❧s ❝❛♥ ❡✐t❤❡r ❜❡ ❥♦✐♥❡❞
✐♥ ❚ s❤❛♣❡ ♦r ✐♥ ▲ s❤❛♣❡✳ ■♥ ❛❞❞✐t✐♦♥✱ ❢♦✉r ❧❛②❡rs ♦❢ ✜❜r❡ ❣❧❛ss t✐ss✉❡ ✐♥ ▲ s❤❛♣❡
❝❛♥ ❜❡ ✜①❡❞ ✇✐t❤ ❛❞❤❡s✐✈❡ ❛s r❡✐♥❢♦r❝❡♠❡♥t ❛❧♦♥❣ t❤❡ ❥♦✐♥ts✳ ❆♥ ♦✈❡r✈✐❡✇ ♦❢
❞✐✛❡r❡♥t t②♣❡s ♦❢ ❥♦✐♥ts ✐s ❣✐✈❡♥ ✐♥ ✜❣✉r❡ ✷✳✹ ❜❡❧♦✇✳ ❚❤❡s❡ s❛♠♣❧❡s ❛r❡ t❡st❡❞
✐♥ ❞✐✛❡r❡♥t ✇❛②s✱ ✉♥❞❡r t❡♥s✐♦♥✱ ❝♦♠♣r❡ss✐♦♥ ❛♥❞ s❤❡❛r str❡ss✳ ❙❡❡ ✜❣✉r❡ ✷✳✺✳
❚❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ s❛♠♣❧❡s ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✷✳✸✳

❋✐❣✉r❡ ✷✳✸✿ ❙❛♠♣❧❡ ❞✐♠❡♥s✐♦♥s

✸✵



✶✳✺ ❙♦❢t✇❛r❡

❋✐❣✉r❡ ✷✳✹✿ ❚❡st❡❞ ❥♦✐♥t t②♣❡s

❋✐❣✉r❡ ✷✳✻ s❤♦✇s t❤❡ ♠❛①✐♠✉♠ s✉♣♣♦rt❡❞ str❡ss ✭t❤❡ ❛❧❧♦✇❛❜❧❡s✮ ♦❢ t❤❡ ▲ ❛♥❞ ❚
❥♦✐♥ts ❢♦r t❡♥s✐♦♥✱ ❝♦♠♣r❡ss✐♦♥ ❛♥❞ s❤❡❛r ❧♦❛❞ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t r❡✐♥❢♦r❝❡♠❡♥t✳
❋✐❣✉r❡ ✷✳✼ s❤♦✇s ❛t ✇❤✐❝❤ ❢♦r❝❡ ✭✐♥ ❞❛◆✮ t❤❡ s❡✈❡r❛❧ s❛♠♣❧❡s ❝r❛❝❦❡❞✳ ❊✈❡r②
❧♦❛❞ ❝❛s❡ ❤❛s ❜❡❡♥ t❡st❡❞ ♦♥ t❤r❡❡ s❛♠♣❧❡s✳ ❚❤❡ ❛✈❡r❛❣❡ ✈❛❧✉❡ ✐s r❡♣r❡s❡♥t❛t✐✈❡
❢♦r ❡✈❡r② ❧♦❛❞ ❝❛s❡✳ ❚❤❡ ✧❙t❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✧ ✈❛❧✉❡s s❤♦✇ ❤♦✇ ♣r❡❝✐s❡ t❤❡
❛✈❡r❛❣❡ ✈❛❧✉❡s ❛r❡✳ ❚❤❡ ✜❡❧❞ ✧❆■❋ ❆❞♠✐ss✐❜❧❡ ✭◆✴♠♠✮✧ ❧✐sts t❤❡ ❆■❘❇❯❙
❋❘❆◆❈❊ ❛❧❧♦✇❛❜❧❡s ✭s❡❡ ✜❣✉r❡ ✷✳✻✮ ✇❤✐❝❤ ❛r❡ ♠✉❧t✐♣❧✐❡❞ ✇✐t❤ ✐ts ❧❡♥❣t❤ ✭✷✺✵
♠♠✮ ✐♥ ✜❡❧❞ ✧P❡r ❧❡♥❣t❤✧✳ ❚❤❡ ✧❆✈❡r❛❣❡✭❞❛◆✮✧ ❞✐✈✐❞❡❞ ❜② t❤❡ ✧P❡r ❧❡♥❣t❤✧
❣✐✈❡s t❤❡ ❝♦❡✣❝✐❡♥t✳ ❚❤❡ ❝♦❡✣❝✐❡♥t ✐♥❞✐❝❛t❡s ❤♦✇ r❡s✐st❡♥t t❤❡ s❛♠♣❧❡s ❛r❡
❝♦♠♣❛r❡❞ t♦ t❤❡ ❆■❘❇❯❙ ❛❧❧♦✇❛❜❧❡s✳

✸✶



✶✳✺ ❙♦❢t✇❛r❡

❋✐❣✉r❡ ✷✳✺✿ ❉✐✛❡r❡♥t ▲♦❛❞ ❈❛s❡s❀ ▲❡❢t✿ t❡♥s✐♦♥❀ ❈❡♥tr❡✿ ❝♦♠♣r❡ss✐♦♥❀ ❘✐❣❤t✿
s❤❡❛r✐♥❣

❋✐❣✉r❡ ✷✳✻✿ ❏♦✐♥t ❛❧❧♦✇❛❜❧❡s ♣r♦✈✐❞❡❞ ❜② ❆■❘❇❯❙

✸✷



✶✳✺ ❙♦❢t✇❛r❡

❋✐❣✉r❡ ✷✳✼✿ ❚❡st r❡s✉❧ts

✸✸



✷✳✶ ▼❛t❡r✐❛❧s

✷✳✶ ▼❛t❡r✐❛❧s

❙❛♥❞✇✐❝❤ ❚❤❡ ❙❛♥❞✇✐❝❤ str✉❝t✉r❡ ✐s ❝♦♠♣♦s❡❞ ♦❢ ✜❜r❡❣❧❛ss t✐ss✉❡s ❛♥❞ ❤♦♥✲
❡②❝♦♠❜ ♠❛❞❡ ♦❢ ❛r❛♠✐❞ ✜❜r❡ ♣❛♣❡r✳ ❚❤❡ ♦✉t❡r ❧❛②❡rs✱ t❤❡ s❦✐♥✱ ✐s ♠❛❞❡ ♦❢ t✇♦
❧❛②❡rs ♦❢ ✜❜r❡ t✐ss✉❡ ❛♥❞ t❤❡ ❝♦r❡ ✐s ♠❛❞❡ ♦❢ ❤♦♥❡②❝♦♠❜✳ ❙❡❡ ✜❣✉r❡ ✷✳✽✳

❋✐❣✉r❡ ✷✳✽✿ ❙❛♥❞✇✐❝❤ ♠❛t❡r✐❛❧

❋✐❜r❡ r❡✐♥❢♦r❝❡❞ t✐ss✉❡ ❋♦r t❤❡ t❡sts t❤❡ ❍❡①❝❡❧ ❋✐❜r❡ ●❧❛ss ❋❛❜r✐❝ ✼✼✽✶ ✽❍
❙❛t✐♥ ✇❛s ✉s❡❞ ✇❤✐❝❤ ✐s ❛ r❡❣✉❧❛r ❢❛❜r✐❝ ✇❤❡r❡ ❡✈❡r② ❡✐❣❤t❤ str✐♥❣ ✐s s✉♣❡r♣♦s❡❞
✭s❡❡ ✜❣✉r❡ ✷✳✾✮✳

❚❛❜❧❡ ✷✳✶✿ ❋✐❜r❡❣❧❛ss t✐ss✉❡ ♠❛t❡r✐❛❧ ❞❛t❛

▼❛t❡r✐❛❧ t②♣❡✿ ❛♥✐s♦tr♦♣✐❝
❉❡♥s✐t② ✭♣r❡♣r❡❣✮✿ ✷✱✶✵✾❊✲✵✻ kg/mm3 ❂ ✹✽✺ g/m2

▼❛ss r❛t✐♦✿ ✸✽✪ r❡s✐♥❀ ✻✷✪ ✜❜r❡s
❚❤✐❝❦♥❡ss ♦❢ ♦♥❡ ♣❧②✿ ✵✱✷✸ ♠♠
▼❛①✐♠✉♠ t♦rs✐♦♥ str❡♥❣t❤✿ ✇❛r♣ ②❛r♥ ❂ ✺✵✵ ▼P❛❀

✜❧❧ ②❛r♥ ❂ ✸✸✵ ▼P❛
▼❛①✐♠✉♠ t❡♥s✐♦♥ str❡♥❣t❤✿ ✇❛r♣ ②❛r♥ ❂ ✺✵✵ ▼P❛❀

✜❧❧ ②❛r♥ ❂ ✸✺✵ ▼P❛
▼❛①✐♠✉♠ ❝♦♠♣r❡ss✐♦♥ str❡♥❣t❤✿ ✸✺✵ ▼P❛
❋❧❡①✐♦♥ ♠♦❞✉❧✉s✿ ✇❛r♣ ②❛r♥ ❂ ✷✽ ●P❛❀

✜❧❧ ②❛r♥ ❂ ✷✶ ●P❛
▼❛①✐♠✉♠ s❤❡❛r str❡♥❣t❤✿ ✹✵ ▼P❛
❉❡❧❛♠✐♥❛t✐♦♥ ❢♦r❝❡✿ ✶✺ ◆✴✼✺ ♠♠

✸✹



✷✳✶ ▼❛t❡r✐❛❧s

❍♦♥❡②❝♦♠❜ ❚❤❡ ❍❡①❝❡❧ ❍❘❍✲✶✵ ✸✴✶✻ ✸✳✵ ✐s ❛ r❡❣✉❧❛r ❤♦♥❡②❝♦♠❜ str✉❝t✉r❡
♠❛❞❡ ♦❢ ◆♦♠❡① ❛r❛♠✐❞✲✜❜r❡ ♣❛♣❡r r❡❝♦✈❡r❡❞ ❜② ❛ ♣❤❡♥♦❧✐❝✱ ✜r❡ r❡s✐st❛♥t r❡s✐♥✳
✸✴✶✻ ♥❛♠❡s t❤❡ ❝❡❧❧ s✐③❡ ✐♥ ✐♥❝❤ ✇❤✐❝❤ ✐s ✹✳✽ ♠♠✳ ✸✳✵ ♥❛♠❡s t❤❡ ❞❡♥s✐t② ✐♥
♣♦✉♥❞s ♣❡r ❝✉❜✐❝ ❢♦♦t ✇❤✐❝❤ ✐s ✹✽ ❦❣✴m3 ✳

❚❛❜❧❡ ✷✳✷✿ ❍♦♥❡②❝♦♠❜ ♠❛t❡r✐❛❧ ❞❛t❛

❙tr✉❝t✉r❡✿ ♦rt❤♦tr♦♣
▼❛①✐♠✉♠ ❝♦♠♣r❡ss✐✈❡ str❡♥❣t❤✿ ❧♦♥❡❧② ❂ ✷✱✵ ▼P❛❀ st❛❜✐❧✐③❡❞ ❂ ✷✱✸

▼P❛
▼❛①✐♠✉♠ s❤❡❛r str❡♥❣t❤✿ ▲ ❂ ✶✱✷✺ ▼P❛❀ ❲ ❂ ✵✱✻ ▼P❛
❨♦✉♥❣s ▼♦❞✉❧✉s✿ ✶✹✵ ▼P❛ ✭st❛❜✐❧✐s❡❞✮
❙❤❡❛r ▼♦❞✉❧✉s✿ ▲ ❂ ✹✶ ▼P❛❀ ❲ ❂ ✷✺ ▼P❛

❋✐❣✉r❡ ✷✳✾✿ ▲❡❢t✿ ❚❤❡ ❊✐❣❤t ❍❛r♥❡ss ❙❛t✐♥ ♣❛tt❡r♥ ♦❢ t❤❡ ❣❧❛ss ✜❜r❡ t✐ss✉❡❀
❘✐❣❤t✿ ❚❤❡ ❤♦♥❡②❝♦♠❜ str✉❝t✉r❡

✸✺



✷✳✶ ▼❛t❡r✐❛❧s

❆❞❤❡s✐✈❡ ❚❤❡ ❛❞❤❡s✐✈❡ ❜❡t✇❡❡♥ t❤❡ t❡♥♦♥s ❛♥❞ t❤❡ ♠♦rt✐s❡s ✐s s❤♦✇♥ ✐♥
✜❣✉r❡ ✷✳✶✵✳ ■t ✐s ❛ ❍❡♥❦❡❧ ❍②s♦❧ ❊❆ ✾✸✷✶✳ ❚❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❛ t❡♥♦♥ ❛♥❞
❛ ♠♦rt✐s❡ ✐s ✵✳✺ ♠♠✳

❚❛❜❧❡ ✷✳✸✿ ❆❞❤❡s✐✈❡ ♠❛t❡r✐❛❧ ❞❛t❛

▼❛t❡r✐❛❧ str✉❝t✉r❡✿ ✐s♦tr♦♣ ❛♥❞ t❤✐①♦tr♦♣
❨♦✉♥❣s ▼♦❞✉❧✉s✿ ❊ ❂ ✷✱✾ ●P❛
❙❤❡❛r ▼♦❞✉❧✉s✿ ● ❂ ✶✱✺✺ ●P❛
P♦✐ss♦♥ ❝♦❡✣❝✐❡♥t✿ ν ❂ ✵✱✸✻
▼❛①✐♠✉♠ ❝♦♠♣r❡ss✐✈❡ str❡♥❣t❤✿ ✻✹ ▼P❛
▼❛①✐♠✉♠ t❡♥s✐♦♥ str❡♥❣t❤✿ ✹✾ ▼P❛
▼❛①✐♠✉♠ s❤❡❛r str❡♥❣t❤✿ ✷✼✱✻ ▼P❛

❋✐❣✉r❡ ✷✳✶✵✿ ▼♦rt✐s❡s ❛♥❞ t❡♥♦♥s st✐❝❦❡❞ t♦❣❡t❤❡r ❛♥❞ ✜①❡❞ ✇✐t❤ ❍❡♥❦❡❧ ❍②s♦❧
❛❞❤❡s✐✈❡
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✷✳✶ ▼❛t❡r✐❛❧s

P♦tt✐♥❣ ❖♥❡ r❡❛s♦♥ ❢♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♣♦tt✐♥❣ r❡s✐♥ ✐s t♦ ♣r♦✈✐❞❡ t❤❡
str✉❝t✉r❡ ❢r♦♠ ❤✉♠✐❞✐t②✳ P♦tt✐♥❣ ✐s t❤✐①♦tr♦♣✐❝ ♣❛st❡ t❤❛t ✐s ❢♦r♠✉❧❛t❡❞ ❢♦r
❡❞❣❡ ✜❧❧✐♥❣ ♦❢ ❤♦♥❡②❝♦♠❜ s❛♥❞✇✐❝❤ ❝♦♥str✉❝t✐♦♥✳ ❆♥♦t❤❡r r❡❛s♦♥ ❝❛♥ ❜❡ t❤❡
r❡✐♥❢♦r❝❡♠❡♥t ♦❢ t❤❡ ❤♦♥❡②❝♦♠❜ str✉❝t✉r❡✱ ❢♦r ❡①❛♠♣❧❡ ❢♦r t❤❡ ❡♠❜❡❞❞✐♥❣ ♦❢
✜①✐♥❣ s✉♣♣♦rts ✭s❡❡ ✜❣✉r❡ ✷✳✶✶✮ ❚❤❡ t❡❝❤♥✐❝❛❧ ❞❛t❛ ♦❢ ♣♦tt✐♥❣ ✐s✿

❚❛❜❧❡ ✷✳✹✿ P♦tt✐♥❣ ♠❛t❡r✐❛❧ ❞❛t❛

▼❛t❡r✐❛❧ str✉❝t✉r❡✿ ✐s♦tr♦♣
❉❡♥s✐t②✿ ✻✳✼✸❊✲✵✼ kg/mm3

❨♦✉♥❣s ▼♦❞✉❧✉s✿ ✸✸✾✻✺ ▼P❛
❙❤❡❛r ▼♦❞✉❧✉s✿ ✶✷✼✻✾ ▼P❛
▼❛①✐♠✉♠ ❝♦♠♣r❡ss✐✈❡ str❡♥❣t❤✿ ✻✼✳✾✸ ▼P❛

❋✐❣✉r❡ ✷✳✶✶✿ P♦tt✐♥❣ ✐♥s❡rt❡❞ ✐♥ ❤♦♥❡②❝♦♠❜
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✷✳✷ ❋✐♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s

✷✳✷ ❋✐♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s

❋✐❣✉r❡ ✷✳✶✷✿ ❋✐♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ♦❢ t❤❡ ▲ s❛♠♣❧❡

❚❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s ❛r❡ ❝❛♣❛❜❧❡ t♦ ❝❛❧❝✉❧❛t❡ ❝♦♠♣❧❡① str✉❝t✉r❡s s♦ t❤❡②
❛r❡ ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❥♦✐♥t str✉❝t✉r❡s✳

❋✐❣✉r❡ ✷✳✶✸✿ ❙❛♥❞✇✐❝❤ ♣r♦♣❡rt✐❡s ✇✐t❤ P❆❚❘❆◆

❆ ✷❉ ♠♦❞❡❧ ✇✐t❤ ❈◗❯❆❉✹ ❡❧❡♠❡♥ts ✭❢♦r ❞❡✜♥✐t✐♦♥ s❡❡ ❛♣♣❡♥❞✐①✮ ✐s ❝r❡❛t❡❞✳
◆❡❛r t❤❡ ❥♦✐♥t t❤❡ ❡❧❡♠❡♥ts ❛r❡ s♠❛❧❧❡r t♦ ❣❡t ♠♦r❡ ♣r❡❝✐s❡ r❡s✉❧ts ✐♥ t❤✐s ❛r❡❛✳
❚❤❡ ♥♦❞❡s ♦❢ t❤❡ t✇♦ ❣r✐❞ ♣❧❛♥❡s ❞♦ ♥♦t t♦✉❝❤ ❡❛❝❤ ♦t❤❡r✳ ■♥st❡❛❞✱ ❛❧♦♥❣
t❤❡ ✷✺✵ ♠♠ ❥♦✐♥t t❤❡ ❛❞❤❡s✐✈❡ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❘❇❊✷ ❡❧❡♠❡♥ts ✭s❡❡ ✜❣✉r❡
✷✳✶✹✮ t♦ ♦❜s❡r✈❡ t❤❡ str❡ss❡s t❤❛t ♣❛ss t❤❡ ❥♦✐♥t✳ ❖♥ t❤❡ ❈◗❯❆❉ ❡❧❡♠❡♥ts t❤❡
t❤✐❝❦♥❡ss❡s ❛♥❞ t❤❡ s❛♥❞✇✐❝❤ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ❛r❡ ❛♣♣❧✐❡❞✳ ❚❤❡ ❝♦♥st✐t✉t✐♦♥
❝❛♥ ❜❡ s❡❡♥ ♦♥ ✜❣✉r❡ ✷✳✶✸✳ ■♥ ◆❆❙❚❘❆◆✴P❆❚❘❆◆ ❡✈❡r② ♣r❡♣r❡❣ ✜❜r❡ ❣❧❛ss
❢❛❜r✐❝ ❧❛②❡r ✐s s♣❧✐tt❡❞ ✐♥t♦ t✇♦ ✉♥✐❞✐r❡❝t✐♦♥❛❧ ✾✵➦ ❞✐✛❡r❡♥t ♦r✐❡♥t❛t❡❞ ❧❛②❡rs
✇✐t❤ ❤❛❧❢ t❤❡ t❤✐❝❦♥❡ss✳ ◆❆❙❚❘❆◆ ❛♣♣❧✐❡s ✐ts❡❧❢ t❤❡ r✐❣❤t t❤❡♦r② ❞❡♣❡♥❞✐♥❣

✸✽



✷✳✷ ❋✐♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s

♦♥ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❡❧❡♠❡♥ts ♠❛t❡r✐❛❧✳ ❱❡r② t❤✐♥ ♣❧❛t❡s ❛r❡ tr❡❛t❡❞ ❜② t❤❡
❱♦♥✲❑ár♠á♥ t❤❡♦r②✱ t❤✐♥ ♣❧❛t❡s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ ❑✐r❝❤❤♦✛✲
♣❧❛t❡ ❛♥❞ t❤✐❝❦ ♣❧❛t❡s✱ ❧✐❦❡ s❛♥❞✇✐❝❤✱ ✉s❡s t❤❡ ▼✐♥❞❧✐♥✲❘❡✐ss♥❡r✲♣❧❛t❡ t❤❡♦r②✳

❋✐❣✉r❡ ✷✳✶✹✿ ❋✐♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ✇✐t❤ ✷❉ ❡❧❡♠❡♥ts✳ ❳✲❛①✐s ✐♥ ♠♠❀ ❨✲❛①✐s ✐♥
◆

❖♥ t❤❡ ✉♣♣❡r ♥♦❞❡s ♦❢ t❤❡ ♠♦❞❡❧ ❛ ❞✐s♣❧❛❝❡♠❡♥t ✐s ❛♣♣❧✐❡❞✳ ■❢ ❞✐✛❡r❡♥t ❞✐s✲
♣❧❛❝❡♠❡♥ts ❛r❡ t❡st❡❞ ❛♥❞ t❤❡ ❘❋ ✭❞❡✜♥✐t✐♦♥ ✐♥ s❡❝t✐♦♥ ✧❘❡s❡r✈❡ ❋❛❝t♦r✧ ♦♥
♣❛❣❡ ✹✵✮ ✐s ♦❜s❡r✈❡❞ ❛t t❤❡ s❛♠❡ t✐♠❡✱ ✐t ❜❡❝♦♠❡s ❝❧❡❛r t❤❛t ❛ ❞✐s♣❧❛❝❡♠❡♥t ♦❢
✷ ♠♠ ❧❡❛❞s t♦ ❛♥ ❘❋ ❝❧♦s❡st t♦ t❤❡ ✈❛❧✉❡ ✶✳ ❚❤❡ t♦♣ ♦❢ ✜❣✉r❡ ✷✳✶✹ r❡♣r❡s❡♥ts
t❤❡ ❝♦♥str❛✐♥ ❢♦r❝❡s ♦♥ t❤❡ ✉♣♣❡r ♥♦❞❡s ♦❢ t❤❡ ❣r✐❞ ✇❤✐❝❤ ❛r❡ ♥❡❝❡ss❛r② t♦ ♦❜✲
t❛✐♥ ❛ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ ✷ ♠♠✳ ❆❧❧ ✐♥ ❛❧❧ ❛ ❢♦r❝❡ ♦❢ ✺✷✶✻✳✽ ◆ ✐s r❡q✉✐r❡❞✱ ✇✐t❤♦✉t
❞✐st✐♥❣✉✐s❤✐♥❣ t❤❡ ❞✐r❡❝t✐♦♥✳ ❚❤❛t ♠❡❛♥s t❤❛t ◆❆❙❚❘❆◆✴P❆❚❘❆◆ ♠❛❦❡s
♥♦ ❞✐✛❡r❡♥❝❡ ✇❤❡t❤❡r t❤❡ ❥♦✐♥t ✐s ❧♦❛❞❡❞ ✉♥❞❡r t❡♥s✐♦♥ ♦r ✉♥❞❡r ❝♦♠♣r❡ss✐♦♥✳

❋✐❣✉r❡ ✷✳✶✻ s❤♦✇s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❘❡s❡r✈❡ ❋❛❝t♦r✳ ❚❤❡ ❝❧♦s❡r t❤❡ ❘❋
✈❛❧✉❡ ✐s t♦ ✶✱ t❤❡ ❤✐❣❤❡r ✐s t❤❡ ♣♦ss✐❜✐❧✐t② t❤❛t t❤❡ str✉❝t✉r❡ ❝r❛❝❦s✳ ■❢ ②♦✉
❝❤❛♥❣❡ t❤❡ s❝❛❧❡ ✭✜❣✉r❡ ✷✳✶✻ ❧❡❢t ❛♥❞ r✐❣❤t✮ ②♦✉ ❝❛♥ s❡❡ ♠♦r❡ ❡❛s✐❧② ✇❤❡r❡ t❤❡
▲ s❛♠♣❧❡ ✐s ❣♦✐♥❣ t♦ ❝r❛❝❦ ✜rst✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❡♥s✐♦♥ ❛♥❞ ❝♦♠♣r❡ss✐♦♥✱ t❤❡
♠♦❞❡❧ ❜r❡❛❦s ✐♥ t❤❡ s❛♠❡ ♣❧❛❝❡✳ ❋♦r t❤❡ s❤❡❛r str❡ss❡s ✐♥s✐❞❡ t❤❡ ❤♦♥❡②❝♦♠❜
❧❛②❡r✱ ◆❆❙❚❘❆◆ ♣r❡❞✐❝ts ♥♦ ❞❛♠❛❣❡ ♦♥ t❤✐s ❧♦❛❞ ❝❛s❡✳
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✷✳✷ ❋✐♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s

❘❡s❡r✈❡ ❋❛❝t♦r ✭❘❋✮ ■t ❝❛♥ r♦✉❣❤❧② ❜❡ s❛✐❞ t❤❛t ❘❋ ✐s σmax

σreal
✳ σmax ✐s t❤❡

♠❛①✐♠✉♠ s✉♣♣♦rt❡❞ str❡ss ♦❢ t❤❡ ♠❛t❡r✐❛❧ ❛♥❞ σreal ✐s t❤❡ ❛❝t✉❛❧ str❡ss t❤❛t
♣❛ss❡s ❜② t❤❡ ❡❧❡♠❡♥ts ✉♥❞❡r t❤❡ ❣✐✈❡♥ ❧♦❛❞✳ ■❢ t❤❡ ❘❋ ✈❛❧✉❡ ✐s ❜❡❧♦✇ ✶✱ t❤❡
str✉❝t✉r❡ ❜r❡❛❦s✱ ✐❢ ✐t ✐s ❛❜♦✈❡✱ ✐t ❞♦❡s ♥♦t✳ ■♥ t❤❡ ✐♥❞✉str② t❤✐s ♠❡t❤♦❞ ✐s
✉s❡❞ t♦ ✜♥❞ ♦✈❡rs✐③❡❞ ✭❛♥❞ t❤❡r❡❢♦r❡ t♦♦ ❤❡❛✈②✮ ❛r❡❛s ♦❢ ♣❛rts ❜② ❧♦♦❦✐♥❣ ❢♦r
t♦♦ ❤✐❣❤ ❘❋ ✈❛❧✉❡s✳ ❲✐t❤ t❤✐s ♠❡t❤♦❞ t❤❡ str✉❝t✉r❡ ❝❛♥ ❜❡ ♦♣t✐♠✐③❡❞ ❢♦r
t❤❡ ♣r❡❞✐❝t❡❞ ❧♦❛❞s ❛♥❞ ❛ ♠❛①✐♠✉♠ ♦❢ ✇❡✐❣❤t ❝❛♥ ❜❡ s❛✈❡❞✳ ❆ ♠♦r❡ ♣r❡❝✐s❡
❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❛♣♣❧✐❡❞ ♠❡t❤♦❞ ✐s ❣✐✈❡♥ ✐♥ ❝❤❛♣t❡r ✸✳✸✳✷ ♦♥ ♣❛❣❡ ✽✵✳

❘❡s✉❧ts ❋✐❣✉r❡ ✷✳✶✺ s❤♦✇s t❤❛t t❤❡ ▲ s❛♠♣❧❡ ❜r❡❛❦s ❛t ❡①❛❝t❧② t❤❡ ❛r❡❛ ✇❤❡r❡
◆❆❙❚❘❆◆ ♣r❡❞✐❝ts ✐t✳ ❇✉t ✐t ✐s ♥♦t t❤❡ ✇❡❛❦❡st ♣❛rt✳ ❚❤❡ ♣♦tt✐♥❣✲❤♦♥❡②❝♦♠❜
♠✐①t✉r❡ ❝r❛❝❦s ❜❡❢♦r❡✳ ❚❤✐s ✇✐❧❧ ❜❡ s❡❡♥ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r ♦♥ ♣❛❣❡ ✺✷✳

❋✐❣✉r❡ ✷✳✶✺✿ ❉❛♠❛❣❡ ♦♥ t❤❡ ▲ s❛♠♣❧❡ ❛❢t❡r ❝♦♠♣r❡ss✐✈❡ ❧♦❛❞✐♥❣
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✷✳✷ ❋✐♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s

❋✐❣✉r❡ ✷✳✶✻✿ ❚♦♣✿ ❘❋ ❞✐str✐❜✉t✐♦♥ ♦♥ ▲ s❛♠♣❧❡❀ ▲❡❢t✿ ❘❋ ✉♥❞❡r t❡♥s✐♦♥❀ ❘✐❣❤t✿
❘❋ ✉♥❞❡r ❝♦♠♣r❡ss✐♦♥

✹✶



✷✳✸ ❆♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥

✷✳✸ ❆♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥

✷✳✸✳✶ ❙t✐✛♥❡ss ♠❛tr✐❝❡s

❋♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ st✐✛♥❡ss ♠❛tr✐① ♦❢ ❡❛❝❤ ❝♦♠♣♦♥❡♥t✱ ♥♦t t❤❡ ✈❛❧✉❡s
❢r♦♠ t❤❡ ♠❛♥✉❢❛❝t✉r❡r ❛r❡ ❛♣♣❧✐❡❞ ❜✉t ❡①♣❡r✐❡♥❝❡❞ ❞❛t❛ ❝❡rt✐✜❝❛t❡❞ ❜② ❆■❘✲
❇❯❙✳ ❆❢t❡r ❛ ❝❡rt❛✐♥ t✐♠❡✱ ❢♦r ❡①❛♠♣❧❡ ✸✵ ②❡❛rs✱ ❛✐r❝r❛❢t ❛r❡ ♥♦ ♠♦r❡ ❛❧❧♦✇❡❞
t♦ ✢② ❜❡❝❛✉s❡ ♠❛t❡r✐❛❧ ❣❡ts ✇❡❛❦❡r ✐♥ t✐♠❡✳ ❚❤✐s ✇❡❛❦❡♥✐♥❣ ❡✛❡❝t ✐s✱ ❛♠♦♥❣st
♦t❤❡rs✱ ❝♦♥s✐❞❡r❡❞ ❜② t❤❡s❡ ✈❛❧✉❡s✳ ❆✐r❜✉s ❝❛❧❝✉❧❛t❡s ❛ ❝♦♠♣♦s✐t❡ ❧❛②❡r ♥♦t
❛s ❛ ❢❛❜r✐❝✱ ❜✉t ❛s t✇♦ ❧❛②❡rs ♦❢ ✉♥✐❛①✐❛❧ ✜❜r❡ ♣r❡♣r❛❣s t❤❛t ❛r❡ s❤✐❢t❡❞ ❛t ❛♥
❛♥❣❧❡ ♦❢ ✾✵➦ ✭s❡❡ ✜❣✉r❡ ✸✳✶✶✮✳ ❚❤❡ ✉♥✐❛①✐❛❧ ❧❛②❡rs ❤❛✈❡ ❤❛❧❢ t❤❡ t❤✐❝❦♥❡ss ♦❢
t❤❡ ❢❛❜r✐❝ ❧❛②❡r✳

❍♦♥❡②❝♦♠❜

❖♥❡ ♣❧② ♦❢ ❤♦♥❡②❝♦♠❜✿

E‖ ❂ E⊥ ❂ ✵✳✵✶ N
mm2

G1,2 ❂ ✵✳✶ N
mm2 ❀ G1,3 ❂ ✸✷ N

mm2 ❀ G2,3 ❂ ✷✹ N
mm2

ν⊥‖ ❂ ν‖⊥ ❂ ν⊥⊥ ❂ ✵✳✸

✷❉ ▼❛tr✐① ♦❢ ♦♥❡ ♣❧② ♦❢ ❤♦♥❡②❝♦♠❜✿

[Q]x,y =





0.010989 0.0032967 0
0.0032967 0.010989 0

0 0 0.1




N

mm2

❋✐❜❡r❣❧❛ss

❖♥❡ ♣❧② ♦❢ ✜❜❡r❣❧❛ss✿

E‖ ❂ ✸✷✺✵✵ N
mm2 ❀ E⊥ ❂ ✸✵✵✵ N

mm2

✹✷



✷✳✸ ❆♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥

G1,2 ❂ G1,3 ❂ G2,3 ❂ ✸✹✵✵ N
mm2

ν⊥‖ ❂ ✵✳✸✺ ❀ ν‖⊥ ❂ ν⊥⊥ ❂ ✵✳✵✸✷✸✵✼✻✾

✷❉ ▼❛tr✐① ♦❢ ♦♥❡ ♣❧② ♦❢ ✜❜❡r❣❧❛ss ✐♥ ✐ts ♦r✐❣✐♥❛❧ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ♦r r❛t❤❡r
✇✐t❤ α ❂ ✵➦✿

[Q]1,2 =





32871.7 1062.01 0
1062.01 3034.31 0

0 0 3400




N

mm2

❙❛♥❞✇✐❝❤

❚❤❡ s❛♥❞✇✐❝❤ str✉❝t✉r❡ ✐s ❝♦♠♣♦s❡❞ ♦❢ ♦♥❡ ♣❧② ♦❢ ♠✉❧t✐✲❧❛②❡r❡❞ ✜❜❡r❣❧❛ss ♦♥
t❤❡ t♦♣ ❧❛②❡r✱ ♦♥❡ ♣❧② ♦❢ ❤♦♥❡②❝♦♠❜ ✐♥ t❤❡ ♠✐❞❞❧❡ ❧❛②❡r ❛♥❞ ♦♥❡ ♣❧② ♦❢ ♠✉❧t✐✲
❧❛②❡r❡❞ ✜❜❡r❣❧❛ss ♦♥ t❤❡ ❜♦tt♦♠ ❧❛②❡r✳ ❚♦ ♦❜t❛✐♥ t❤❡ s❛♥❞✇✐❝❤ st✐✛♥❡ss ♠❛tr✐①✱
t❤❡ ♠❛tr✐① ♦❢ ❡❛❝❤ ❧❛②❡r ❛♥❞ ♠✉❧t✐✲❧❛②❡r ✐s ♥❡❡❞❡❞✳

■♥ t❤✐s ❝❛s❡ t❤❡ ✉♣♣❡r ❛♥❞ t❤❡ ❧♦✇❡r ✜❜❡r❣❧❛ss ♠✉❧t✐✲❧❛②❡r ✐s ❝♦♠♣♦s❡❞ ❛s
s❛♠❡✿

❼ ❖♥❡ 0◦ ❯❉✲▲❛②❡r

❼ ❖♥❡ 90◦ ❯❉✲▲❛②❡r

❼ ❖♥❡ 0◦ ❯❉✲▲❛②❡r

❼ ❖♥❡ 90◦ ❯❉✲▲❛②❡r

■t ✐s s✉♣♣♦s❡❞ t❤❛t t❤❡ ✜rst ❧❛②❡r ♦❢ t❤❡ ✜❜❡r❣❧❛ss ♣❧② ✐s ❛❧r❡❛❞② ♦r✐❡♥t❛t❡❞ ✐♥
t❤❡ ❣❧♦❜❛❧ ❈♦♦r❞✐♥❛t❡ s②st❡♠✳ ❍♦✇❡✈❡r t❤❡ s❡❝♦♥❞ ♣❧② ✐s r♦t❛t❡❞ ❜② α ❂ ✾✵➦✳
❚❤❡r❡❢♦r❡ t❤❡ st✐✛♥❡ss ♠❛tr✐① ❬◗❪ ❛♥❞ t❤❡ str❛✐♥s σ ♠✉st ❜❡ ♠✉❧t✐♣❧✐❡❞ ✇✐t❤

t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐① ❬❚❪
(σ)
1,2→x,y✳

[
T

](σ)

1,2→x,y
=





cos2 90◦ sin2 90◦ − sin 2 · 90◦

sin2 90◦ cos2 90◦ sin 2 · 90◦

0, 5 · sin 2 · 90◦ −0, 5 · sin 2 · 90◦ cos 2 · 90◦



 =





0 1 0
1 0 0
0 0 −1





✹✸



✷✳✸ ❆♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥

❯♥t✐❧ ♥♦✇ t❤❡ ✶✱✷✲❝♦♦r❞✐♥❛t❡ s②st❡♠ ♦❢ ♦♥❡ ❯❉✲♣❧② ✐s✿

{
σ
}

1,2
=

[
Q

]

1,2
·

{
ε
}

1,2






σ1

σ2

τ1,2







1,2

=





32871, 7 1062, 01 0
1062, 01 3034, 31 0

0 0 3400





1,2

·







ε1

ε2

γ1,2







1,2

❚r❛♥s❢♦r♠❛t✐♦♥ ♦❢ str❡ss σ ❞❡❢♦r♠❛t✐♦♥s τ ♦❢ t❤❡ ✶✱✷✲❝♦♦r❞✐♥❛t❡s s②st❡♠s ✐♥
t❤❡ ①✱②✲❝♦♦r❞✐♥❛t❡ s②st❡♠✳

{
σ
}

x,y
=

[
T

](σ)

1,2→x,y
·

{
σ
}

1,2






σx

σy

τx,y







x,y

=





0 1 0
1 0 0
0 0 −1



 ·







σ1

σ2

τ1,2







1,2

■♥❝❧✉s✐♦♥ ♦❢ t❤❡ ❡❧❛st✐❝❛❧ ❧❛✇ ✐♥t♦ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❝♦rr❡❧❛t✐♦♥✿

{
σ
}

x,y
=

[
T

](σ)

1,2→x,y
·

[
Q

]

1,2
·

{
ǫ
}

1,2







σx

σy

τx,y







x,y

=





0 1 0
1 0 0
0 0 −1



 ·





32871, 7 1062, 01 0
1062, 01 3034, 31 0

0 0 3400



 ·







ε1

ε2

γ1,2







1,2






σx

σy

τx,y







x,y

=





1062, 01 3034, 31 0
32871, 7 1062, 01 0

0 0 −3400



 ·







ε1

ε2

γ1,2







1,2

❇② ❞♦✉❜❧❡ tr❛♥s❢♦r♠❛t✐♦♥✱ t❤❡ tr❛♥s❢♦r♠❛t❡❞ st✐✛♥❡ss ♠❛tr✐①
[
Q̄

]
❝❛♥ ❜❡ ♦❜✲

t❛✐♥❡❞✳

[
Q̄

]
=

[
T

](σ)

1,2→x,y
·

[
Q

]

1,2
·

[
T

](ε)

x,y→1,2

✇✐t❤✿

[
T

](ε)

x,y→1,2
=





cos2 90◦ sin2 90◦ 0, 5 sin 2 · 90◦

sin2 90◦ cos2 90◦ −0, 5 · sin 2 · 90◦

− sin 2 · 90◦ sin 2 · 90◦ cos 2 · 90◦



 =





0 1 0
1 0 0
0 0 −1





✹✹



✷✳✸ ❆♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥

[
Q̄

]
=





0 1 0
1 0 0
0 0 −1



 ·





32871, 7 1062, 01 0
1062, 01 3034, 31 0

0 0 3400



 ·





0 1 0
1 0 0
0 0 −1





=





3034, 31 1062, 01 0
1062, 01 32871, 7 0

0 0 3400





❇② ❛♣♣❧②✐♥❣ t❤❡ ♠✐①t✉r❡ ❧❛✇ ❢♦r t✇♦ 0◦ ❛♥❞ t✇♦ 90◦ ❧❛②❡rs ❛ st✐✛♥❡ss ♠❛tr✐①
❛s ❢♦❧❧♦✇❡❞ ✐s ♦❜t❛✐♥❡❞✿

[
Q̄

]

x,y4k−fiberglass
=





17953 1062, 01 0
1062, 01 17953 0

0 0 3400





❇② ❛♣♣❧②✐♥❣ t❤❡ ♠✐①t✉r❡ ❧❛✇ ❢♦r ♦♥❡ ♣❧② ♦❢ ♠✉❧t✐✲❧❛②❡r❡❞ ✜❜❡r❣❧❛ss ♦♥ t❤❡ t♦♣
❧❛②❡r✱ ♦♥❡ ♣❧② ♦❢ ❤♦♥❡②❝♦♠❜ ✐♥ t❤❡ ♠✐❞❞❧❡ ❧❛②❡r ❛♥❞ ♦♥❡ ♣❧② ♦❢ ♠✉❧t✐✲❧❛②❡r❡❞
✜❜❡r❣❧❛ss ♦♥ t❤❡ ❜♦tt♦♠ ❧❛②❡r✱ t❤❡ s❛♥❞✇✐❝❤ st✐✛♥❡ss ♠❛tr✐① ❛s ❢♦❧❧♦✇❡❞ ❝❛♥
❜❡ ♦❜t❛✐♥❡❞✿

[

Q̂
]

x,y
=





1300 76.9 0
76.9 1300 0
0 0 246




N

mm2

✹✺



✷✳✸ ❆♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥

✷✳✸✳✷ ❆♥❛❧②t✐❝❛❧ ♣r♦❜❧❡♠s

❋✐❣✉r❡ ✷✳✶✼✿ ❉❡✢❡❝t✐♦♥ ♦❢ t❤❡ ♠♦rt✐s❡ s❛♥❞✇✐❝❤ ♣❛♥❡❧ ♦❢ t❤❡ ▲ s❛♠♣❧❡ ✉♥❞❡r
❝♦♠♣r❡ss✐✈❡ ❧♦❛❞

■rr❡❣✉❧❛r str❡ss ❞✐str✐❜✉t✐♦♥ ❋♦r t❤❡ ▲ ❥♦✐♥t t②♣❡ t❤❡ ❛✐♠ ✐s t♦ ✜♥❞ ❛♥ ❛♣✲
♣r♦①✐♠❛t❡ ❢♦r♠✉❧❛ t❤❛t ❣✐✈❡s t❤❡ ♠❛①✐♠✉♠ str❡ss ✐♥ t❤❡ s❦✐♥ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡
❛♣♣❧✐❡❞ ❢♦r❝❡ σmax(F )✳ ❊✈❡r② ✜❜r❡ ❝❛♥ ❛t ❧❡❛st s✉♣♣♦rt ❛ t❡♥s✐♦♥ σmax ✇❤✐❝❤
✐s ❛❧s♦ ❝❛❧❧❡❞ σk,allowable✳ ❚❤❡ σk,allowable ✐s ❣✐✈❡♥ ❜② t❤❡ ♠❛♥✉❢❛❝t✉r❡r✳ ❚❤❡ σ
✐♥ t❤❡ ♠❛t❡r✐❛❧ ❞❡♣❡♥❞s ♦♥ t❤❡ ❛♣♣❧✐❡❞ ❧♦❛❞ ♦r ♦♥ t❤❡ ❛♣♣❧✐❡❞ ❞✐s♣❧❛❝❡♠❡♥t
✭F = k · ∆x✮✳ ❋♦r ❛♥ ✐s♦tr♦♣✐❝ ❝❛♥t✐❧❡✈❡r ❡✳❣✳ ✐t ✐s ❞❡✜♥❡❞ ❜②✿

σx =
My

Iy

· ymax =
Fy · x

Iy

· ymax

❚❤✐s ✐s ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ❧✐❦❡ y = a · x + b✳ ❍❡r❡ t❤❡ ② ✇♦✉❧❞ ❜❡ σx✱ t❤❡ ❛
✇♦✉❧❞ ❜❡ Fy ·x

Iy
✱ t❤❡ ① ✇♦✉❧❞ ❜❡ ymax ❛♥❞ t❤❡ ❜ ✐s ③❡r♦✳ ❚❤❡ ❣r❛♣❤✐❝❛❧ ♣❧♦t

♦❢ t❤❡ ❞✐str✐❜✉t❡❞ ❧♦❛❞ ✐♥ ❛♥ ✐s♦tr♦♣✐❝ ❝❛♥t✐❧❡✈❡r ✐s ❧✐❦❡ ✐♥ ✜❣✉r❡ ✷✳✶✽ ✐♥ t❤❡
❝❡♥tr❡✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ✐♥ ❛ s❛♥❞✇✐❝❤ str✉❝t✉r❡ ✐s ♥♦t t❤❡ s❛♠❡ ❛s ✐t ❝❛♥ ❜❡
s❡❡♥ ♦♥ ✜❣✉r❡ ✷✳✶✽✳ ❚❤❡ ❧❡❢t s✐❞❡ s❤♦✇s ❛ s❛♥❞✇✐❝❤ ❝❛♥t✐❧❡✈❡r ✉♥❞❡r ✢❡①✐♦♥
❧♦❛❞✳ ■♥ t❤❡ ❝❡♥tr❡ t❤❡ ❤♦♠♦❣❡♥♦✉s ❞✐s♣❧❛❝❡♠❡♥t ❝❛♥ ❜❡ s❡❡♥ ❛♥❞ ♦♥ t❤❡ ❧❡❢t
s✐❞❡ t❤❡ ❞✐str✐❜✉t❡❞ str❡ss ✐s r❡♣r❡s❡♥t❡❞✳ ❙♦ t❤❡ ♠❛①✐♠✉♠ str❡ss s❤♦✉❧❞ ❜❡ ♦♥
t❤❡ ♦✉t❡r s❦✐♥s✳ ❆ ✇❛② t♦ ❝♦♥t✐♥✉❡ ✇♦r❦✐♥❣ ♦♥ t❤✐s ♣r♦❥❡❝t ❝♦✉❧❞ ❜❡ t♦ ✜♥❞
♦✉t t❤❡ ♥♦♥ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ♦❢ t❤❡ str❡ss ❞✐str✐❜✉t✐♦♥✳ ❙♦ ✐t ✇♦✉❧❞ ❜❡ ♣♦ss✐❜❧❡
t♦ ✜♥❞ Fy ❢♦r t❤❡ σallowable ♦❢ t❤❡ ✜❜r❡❣❧❛ss✳ ❆♥♦t❤❡r ♣r♦❜❧❡♠ ✐s t❤❡ ❡✛❡❝t ♦❢
❞❡❧❛♠✐♥❛t✐♦♥ t❤❛t ❤❛s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ ▲ s❛♠♣❧❡s ✉♥❞❡r ❝♦♠♣r❡ss✐♦♥
❞❡❧❛♠✐♥❛t❡ ♦♥ t❤❡ ❧♦✇❡r s❦✐♥ ♦❢ t❤❡ s❛♥❞✇✐❝❤ ♣❛♥❡❧ ✭s❡❡ ✜❣✉r❡ ✷✳✶✾✮✳

✹✻



✷✳✸ ❆♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥

❋✐❣✉r❡ ✷✳✶✽✿ ▲❡❢t✿ ❙❛♥❞✇✐❝❤ ✢❡①✐♦♥ ✉♥❞❡r ♠♦♠❡♥t ❧♦❛❞❀ ❝❡♥tr❡✿ ❚❤❡ ❞✐s✲
tr✐❜✉t❡❞ ❞✐s♣❧❛❝❡♠❡♥t❀ r✐❣❤t✿ ❚❤❡ ❞✐str✐❜✉t❡❞ str❡ss

❋✐❣✉r❡ ✷✳✶✾✿ ❉❡❧❛♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❧♦✇❡r s❦✐♥ ♦❢ ▲ s❛♠♣❧❡

✹✼



✷✳✸ ❆♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥

✷✳✸✳✸ ❆❞❤❡s✐✈❡ ❝❛❧❝✉❧❛t✐♦♥

❚♦ ✜♥❞ ♦✉t ✐❢ t❤❡ ❛❞❤❡s✐✈❡ r❡s✐sts t♦ t❤❡ ❧♦❛❞ ❝❛s❡s ♦r ✐❢ ✐t ✐s t❤❡ ✇❡❛❦❡st ♣❛rt
♦❢ t❤❡ ❥♦✐♥t✱ t❤❡ ♠❛①✐♠✉♠ s❤❡❛r s✉♣♣♦rt ✐s ❝❛❧❝✉❧❛t❡❞✳ ❚❤❡ ▲ ❥♦✐♥t ✭✉♥❞❡r
t❡♥s✐♦♥✮ ✐s t❛❦❡♥ ❛s ❡①❛♠♣❧❡ ❜❡❝❛✉s❡ ✐t ❤❛s t❤❡ ❧❡❛st ❣❧✉❡❞ s✉r❢❛❝❡s✳ ❚♦ ♦❜t❛✐♥
t❤❡ ♠❛①✐♠✉♠ ❢♦r❝❡ t❤❛t ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✱ t❤❡ ❛❞❤❡s✐✈❡ ❝♦❛t❡❞ s✉r❢❛❝❡s t❤❛t
❛r❡ ❧♦❛❞❡❞ ✉♥❞❡r s❤❡❛r str❡ss ❛r❡ ❛❞❞❡❞ ✉♣ ❛♥❞ ♠✉❧t✐♣❧✐❡❞ ✇✐t❤ t❤❡ ❣✐✈❡♥
♠❛①✐♠✉♠ s❤❡❛r str❡♥❣t❤ ✭✷✼✳✻ ▼P❛✮✳ ❚❤❡ r❡s✉❧t s❤♦✇s t❤❛t ❛ ✷✺✵ ♠♠ ❥♦✐♥t
✇✐t❤ ✺✵♠♠ t❡♥♦♥s ❛♥ ♠♦rt✐s❡s ❝❛♥ s✉♣♣♦rt ❛❜♦✉t ✺✵ ❦◆ ✇❤✐❝❤ ♠❡❛♥s ♠♦r❡
t❤❛♥ ✷✵✵ ◆✴♠♠✳ ❈♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❆■❘❇❯❙ ♠❛①✐♠✉♠ str❡ss✱ ✇❤✐❝❤ ✐s ✹
◆✴♠♠ ❢♦r t❡♥s✐♦♥✱ ✐t ❝❛♥ ❜❡ ❧♦❛❞❡❞ ❛ ❧♦t ♠♦r❡✳ ❚❤✉s✱ ❞✉r✐♥❣ t❤❡ str❡ss t❡sts
t❤❡ s❛♥❞✇✐❝❤ str✉❝t✉r❡ ✇✐❧❧ ♣r♦❜❛❜❧② ❜❡ ❞❛♠❛❣❡❞ ❜❡❢♦r❡ t❤❡ ❛❞❤❡s✐✈❡ ❢❛✐❧s✳

✷✳✸✳✹ ❙❛♥❞✇✐❝❤ ♣❛♥❡❧ ❝❛❧❝✉❧❛t✐♦♥

❋♦r s❛♥❞✇✐❝❤ str✉❝t✉r❡s✱ t❤❡ ❜❡♥❞✐❣ ♣❛rt ✐s ♦♥❧② ❛ ✺✵t❤ ❝♦♠♣❛r❡❞ t♦ t❤❡ s❤❡❛r
♣❛rt✳ ❙♦ t❤❡ ❜❡♥❞✐♥❣ ♣❛rt ✐s ♥♦t ❝♦♥s✐❞❡r❡❞ ❜✉t ✐♥st❡❛❞ ❛ t♦❧❡r❛♥❝❡ ♦❢ t✇♦ ♣❡r
❝❡♥t ♦❢ t❤❡ ✜♥❛❧ r❡s✉❧t ❤❛s t♦ ❜❡ ❛❝❝❡♣t❡❞✳
❋✉rt❤❡r♠♦r❡ ✐♥ ✶✾✸✻ ❘❛②♠♦♥❞ ❉✳ ▼✐♥❞❧✐♥ ✜♥❞ t❤❡ s♦✲❝❛❧❧❡❞ ✧▼✐♥❞❧✐♥ Pr♦❜✲
❧❡♠✧ ✇❤✐❝❤ ♣r♦✈❡ t❤❛t t❤❡ ②✲③✲s✉r❢❛❝❡ ♦❢ ❛ ❜❡♥❞❡❞✱ ♥♦♥✲✐s♦tr♦♣✐❝ ❝❛♥t✐❧❡✈❡r ✐s
♥♦t ✐♥ ❛ r✐❣❤t ❛♥❣❧❡ ✇✐t❤ t❤❡ ❞❡✢❡❝t✐♦♥ ❧✐♥❡✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ σx,sandwich(ymax)
♠✉st ❜❡ ❧❡ss t❤❛♥ t❤❡ σx,isotropic(ymax) ♦❢ t❤❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ❜❡❛♠ ❡q✉❛t✐♦♥✳
❚❤❡ r❡❛s♦♥ ❢♦r t❤❡ ❢❡✇❡r t❡♥s✐♦♥ ✐♥ t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ♣❛rt ♦❢ t❤❡ ❜❡♥❞❡❞
❜❡❛♠ ✐s t❤❡ ❧♦✇❡r ❛♥❣❧❡✳

❚❤❡ r❡s✉❧t ♦❢ t❤❡s❡ t✇♦ ♣r♦❜❧❡♠s ✐s t❤❛t ❥✉st t❤❡ s❤❡❛r ♣❛rt ✇✐❧❧ ♠❛tt❡r ❢♦r
❢✉rt❤❡r str❡♥❣❤t ❝❛❧❝✉❧❛t✐♦♥s✳ ❚❤✐s ❛❧s♦ s❡❡♠s r❡❛s♦♥❛❜❧❡ ✐❢ ②♦✉ ❝♦♥s✐❞❡r t❤❡
s♠❛❧❧ ❞✐st❛♥❝❡ ♦❢ ✷✵♠♠ ❜❡t✇❡❡♥ t❤❡ ✜①❡❞ ❜❡❛r✐♥❣ ❛♥❞ t❤❡ ✈❡rt✐❝❛❧ s❛♥❞✇✐❝❤
♣❛♥❡❧✳

❚♦ s✐♠♣❧✐❢② s❛♥❞✇✐❝❤ ❝❛❧❝✉❧❛t✐♦♥ ❆■❘❇❯❙ ❞♦❝✉♠❡♥ts ♦✛❡r s♦♠❡ ❢♦r♠✉❧❛s✿

❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❤❡❛r str❡ss ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✷✳✷✵

τmax =
F

(
tupperfiberglass

2
+ thoneycomb +

tlowerfiberglass

2
) · b

✹✽



✷✳✸ ❆♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥

❋✐❣✉r❡ ✷✳✷✵✿ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❤❡❛r str❡ss

❚♦ ♦❜t❛✐♥ t❤❡ ♠❛①✐♠✉♠ ❢♦r❝❡ ❜② ❛ ❣✐✈❡♥ τmax,honeycomb t❤❡ ❡q✉❛t✐♦♥ ✐s ❝❤❛♥❣❡❞
t♦✿

Fmax = τmax · (
tupperfiberglass

2
+ thoneycomb +

tlowerfiberglass

2
) · b

❚❤✐s ❡q✉❛t✐♦♥ ✐s ✈❛❧✐❞ ❢♦r t❤❡ ❧♦❛❞❝❛s❡ ♦❢ t❤❡ ▲ ❝♦♥♥❡❝t✐♦♥ ✐♥ t❡♥s✐♦♥ ❛♥❞
❝♦♠♣r❡ss✐♦♥✳ ❋♦r t❤❡ ❧♦❛❞❝❛s❡ ♦♥ t❤❡ ❚ ❝♦♥♥❡❝t✐♦♥ ✐t ✐s ♥❡❛r❧② t❤❡ s❛♠❡
❡q✉❛t✐♦♥ ❜✉t ✇✐t❤ ❛ ❢❛❝t♦r ♦❢ ✷✳ ❚❤❡ ❛♣♣❧✐❝❛t❡❞ ❢♦r❝❡ ❝❛♥ ❜❡ t✇✐❝❡ t❤❡ ❢♦r❝❡
❛♣♣❧✐❝❛t❡❞ ♦♥ t❤❡ ▲ ❝♦♥♥❡❝t✐♦♥ ❜❡❝❛✉s❡ ❤❡r❡ ✐t ❛♣♣❧✐❡s ♦♥ t✇♦ ✜①❡❞ ❜❡❛r✐♥❣s✳

Fmax = 2 · τmax · (
tupperfiberglass

2
+ thoneycomb +

tlowerfiberglass

2
) · b

❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❤❡❛r str❡ss ❜② ❛♥ ❛♣♣❧✐❝❛t❡❞ ❧♦❛❞ ✐♥ ②✲❞✐r❡❝t✐♦♥ ✐s
s❤♦✇♥ ✐♥ ✜❣✉r❡ ✷✳✷✶

❚❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤✐s ❝❛s❡✿

τfiber =
3

2

Fy

b · tfiber

Gfiber · tfiber

2 · Gfiber · tfiber + Ghoneycomb · thoneycomb

❚♦ ♦❜t❛✐♥ t❤❡ ♠❛①✐♠✉♠ ❢♦r❝❡ ❜② ❛ ❣✐✈❡♥ τmax,fiber t❤❡ ❡q✉❛t✐♦♥ ✐s ❝❤❛♥❣❡❞
t♦✿

✹✾



✷✳✸ ❆♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥

❋✐❣✉r❡ ✷✳✷✶✿ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❤❡❛r str❡ss

Fmax,y =
τmax,fiber · 2 · b · tfiber · (2 · Gfiber · tfiber + Ghoneycomb · thoneycomb)

3 · Gfiber · tfiber

❙❛♠♣❧❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ▲ ❥♦✐♥t ✲ t❡♥s✐♦♥✴❝♦♠♣r❡ss✐♦♥

❚❤❡ ▲ ❜♦♥❞✐♥❣ ❤❛s ❛ ❧❡♥❣t❤ ♦❢ ❜❂✷✺✵ ♠♠✱ ❛ t❤✐❝❦♥❡ss ♦❢ tfiberglass❂✵✱✹✻ ♠♠
❛♥❞ thoneycomb❂✶✶✱✼✽ ♠♠✳ ❚❤❡ τallowable ❢♦r t❤❡ ❤♦♥❡②❝♦♠❜ ✐s 1, 2N/mm2 ✐♥
❧✲❞✐r❡❝t✐♦♥ ❛♥❞ 0, 7N/mm2 ✐♥ ✇✲❞✐r❡❝t✐♦♥✳ ❚❤❡ s❛♠♣❧❡s ❛r❡ ♠❛❞❡ ♦❢ ✇ ❞✐r❡❝t❡❞
❥♦✐♥ts✳

Fw,max ❂ 0, 7 N
mm2 · (

0,46mm

2
+11, 78mm+ 0,46mm

2
) ·250mm ❂ 2142N ❂ 8, 6 N

mm

❙❛♠♣❧❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❚ ❥♦✐♥t ✲ t❡♥s✐♦♥✴❝♦♠♣r❡ss✐♦♥

❚❤❡ ❚ ❜♦♥❞✐♥❣ ❤❛s ❛❧s♦ ❛ ❧❡♥❣t❤ ♦❢ ❜❂✷✺✵ ♠♠✱ ❛ t❤✐❝❦♥❡ss ♦❢ tfiberglass❂✵✱✹✻
♠♠ ❛♥❞ thoneycomb❂✶✶✱✼✽ ♠♠✳ ❚❤❡ τallowable ❢♦r t❤❡ ❤♦♥❡②❝♦♠❜ ✐s 1, 2N/mm2

✐♥ ❧✲❞✐r❡❝t✐♦♥ ❛♥❞ 0, 7N/mm2 ✐♥ ✇✲❞✐r❡❝t✐♦♥✳ ❆❣❛✐♥ t❤❡ ✇✲❞✐r❡❝t✐♦♥ ✐s ✉s❡❞✳

✺✵



✷✳✸ ❆♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥

Fw,max ❂ 2 · 0, 7 N
mm2 · (0,46mm

2
+ 11, 78mm + 0,46mm

2
) · 250mm ❂ 4284 N

mm2 ❂
17, 1 N

mm

❙❛♠♣❧❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ▲✴❚ ❥♦✐♥t ✲ s❤❡❛r✐♥❣

❚❤❡ s❤❡❛r str❡ss ❛♣♣❡❛rs ♦♥ t❤❡ s❛♠❡ ❞✐♠❡♥s✐♦♥s ❢♦r t❤❡ ▲ s❛♠♣❧❡ ❛♥❞ ❢♦r t❤❡
❚ s❛♠♣❧❡✳ ❙♦ t❤❡ r❡s✉❧ts ❛r❡ t❤❡ s❛♠❡ ❢♦r t❤✐s ❝❛❧❝✉❧❛t✐♦♥✳

Fmax,y ❂
40 N

mm2
·2·250mm·0.46mm·(2·3400 N

mm2
·0.46mm+0.1 N

mm2
·11.78mm)

3·3400·0.46mm
❂ 6136N ❂ 24.5 N

mm

❘❡s✉❧ts

❚❛❜❧❡ ✷✳✺ s❤♦✇s t❤❛t ❝❛❧❝✉❧❛t❡❞ ✈❛❧✉❡s ❛r❡ ❜❡t✇❡❡♥ t❤❡ ❆■❘❇❯❙ ❛❧❧♦✇❛❜❧❡s
❛♥❞ t❤❡ t❡st r❡s✉❧ts ❢♦r t❤❡ t❡♥s✐♦♥ ❛♥❞ ❝♦♠♣r❡ss✐♦♥ ❧♦❛❞ ❝❛s❡✳ ❚❤✐s t❡❧❧s ✉s
t❤❛t ❝❛❧❝✉❧❛t❡❞ ✈❛❧✉❡s ❛r❡ s✉✣❝✐❡♥t ❢♦r ❛ ♣r❡❞✐♠❡♥s✐♦♥ ❜✉t ♥♦t s✉✣❝✐❡♥t ❢♦r
t❤❡ ♣r❡✈✐❡✇ ♦❢ ❡①❛❝t str✉❝t✉r❛❧ ❜❡❤❛✈✐♦✉r✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤❡ s❤❡❛r ❝❛❧❝✉❧❛t✐♦♥
❤❛✈❡ ❡✈❡♥ ❛ ❤✐❣❤❡r ❝♦❡✣❝✐❡♥t ♦❢ s❡❝✉r✐t② t❤❛♥ t❤❡ ❆■❘❇❯❙ ❛❧❧♦✇❛❜❧❡s✳ ❚♦
❝♦♥str✉❝t ✇✐t❤ t❤❡s❡ ✈❛❧✉❡s ✇♦✉❧❞ ❧❡❛❞ t♦ ❛♥ ♦✈❡rs✐③❡❞ str✉❝t✉r❡ ✇❤✐❝❤ ✇♦✉❧❞
❧❡❛❞ t♦ ❛ ❤✐❣❤❡r ❦❡r♦s✐♥❡ ❝♦♥s✉♠♣t✐♦♥ t❤❛♥ ♥❡❝❡ss❛r②✳

❚❛❜❧❡ ✷✳✺✿ ❚❤❡ ❝❛❧❝✉❧❛t❡❞ r❡s✉❧ts ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❆■❘❇❯❙ ❛❧❧♦✇❛❜❧❡s ❛♥❞
t❤❡ t❡st r❡s✉❧ts ✐♥ [N/mm]

❋✐❣✉r❡ ✷✳✷✷ s❤♦✇s t❤❛t t❤❡ ▲ s❛♠♣❧❡ ❜r❡❛❦s ✇❤❡r❡ t❤❡ ❤♦♥❡②❝♦♠❜ ❛♥❞ ♣♦tt✐♥❣
❛r❡ ♠✐①❡❞✳ ◆❡✐t❤❡r t❤❡ ❛❞❤❡s✐✈❡ ♥♦r t❤❡ ✜❜r❡❣❧❛ss ♦❢ t❤❡ s❛♥❞✇✐❝❤ str✉❝t✉r❡
❢❛✐❧✳

✺✶
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❋✐❣✉r❡ ✷✳✷✷✿ ❚❤❡ ③✐❣③❛❣ ❜r❡❛❦✐♥❣ ❧✐♥❡ ♦❢ ❛ ▲ s❛♠♣❧❡ ✉♥❞❡r ❝♦♠♣r❡ss✐♦♥
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✷✳✹ ❈♦♥❝❧✉s✐♦♥

❇❡❝❛✉s❡ ♦❢ ✐ts ❝♦♠♣♦s✐t✐♦♥ ♦❢ s❡✈❡r❛❧ ♠❛t❡r✐❛❧s ✐♥ s❡✈❡r❛❧ ♦r❞❡r ✐t ✐s ❞✐✣❝✉❧t t♦
♣r❡❞✐❝t ✇❤❡r❡ ❛♥❞ ✉♥❞❡r ✇❤✐❝❤ ❧♦❛❞ ❛ ❝♦♠♣♦s✐t❡ str✉❝t✉r❡ ✇✐❧❧ ❜r❡❛❦✳ ❈♦♠✲
♣❛r❡❞ t♦ ✐s♦tr♦♣✐❝ str✉❝t✉r❡✱ t❤❡r❡ ❛ ♠♦r❡ ❝r✐t❡r✐❛s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✱ ❧✐❦❡ t❤❡
❞❡❧❛♠✐♥❛t✐♦♥✳ ❙♦ ✐♥ ❢❛❝t✱ ❛❢t❡r ♦❜t❛✐♥✐♥❣ t❤❡ r❡s✉❧ts ♦❢ ❤♦✇ t❤❡ s❛♠♣❧❡s ❜r❡❛❦✱
❝❤❛♣t❡r ✷✳✸✳✶ ✧❙t✐✛♥❡ss ♠❛tr✐❝❡s✧ ✭♣❛❣❡ ✹✷✛✮ ❛♥❞ ❝❤❛♣t❡r ✷✳✸✳✷ ✧❆♥❛❧②t✐❝❛❧
♣r♦❜❧❡♠s✧ ✭♣❛❣❡ ✹✻❢✮ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❢✉rt❤❡r ❝❛❧❝✉❧❛t✐♦♥s ✇✐t❤ t❤❡s❡ ❝♦♠♣♦s✲
✐t❡s✳

◆❡✐t❤❡r t❤❡ ❛♥❛❧②t✐❝❛❧ ♥♦r t❤❡ ♥✉♠❡r✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥ ❝❛♥ ♣r❡✈✐❡✇ t❤❡ ❡①❛❝t
❢♦r❝❡ ❛t ✇❤✐❝❤ t❤❡ str✉❝t✉r❡ ❢❛✐❧s✳ ❚❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s ♣r❡❞✐❝t t❤❛t
t❤❡ str✉❝t✉r❡ ❝r❛❝❦s ❛t ✺✷✶✻✳✽ ◆ ✭✷✵✳✾ ◆✴♠♠✮ ❢♦r ❝♦♠♣r❡ss✐♦♥ ❛❧♠♦st ❛s ✇❡❧❧
❛s ❢♦r t❡♥s✐♦♥ ✭✇❤✐❝❤ ✐s ❛ ❞❡✈✐❛t✐♦♥ ♦❢ ❛❜♦✉t ✶✺✽✵ ◆ ❢♦r t❤❡ ❝♦♠♣r❡ss✐♦♥ ❧♦❛❞
❝❛s❡ ❛♥❞ ❛❜♦✉t ✽✵ ◆ ❢♦r t❤❡ t❡♥s✐♦♥ ❧♦❛❞ ❝❛s❡✮✳ ❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s ✐s t❤❛t
t❤❡ ❣❡♦♠❡tr✐❡s ♦❢ t❤❡ t❡♥♦♥s ❛♥❞ ♠♦rt✐s❡s ❛r❡ ♥♦t ♠♦❞❡❧✐③❡❞ ❛♥❞ ❜❡❝❛✉s❡ ♦❢
t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♠❛①✐♠✉♠ ❛❧❧♦✇❡❞ t❡♥s✐♦♥ str❡ss ❛♥❞ t❤❡ ♠❛①✐♠✉♠
❛❧❧♦✇❡❞ ❝♦♠♣r❡ss✐♦♥ str❡ss ✇❤✐❝❤ ✐s ♦♥❧② ✺ ▼P❛ ✭✸✺✺ ▼P❛ ❢♦r t❡♥s✐♦♥ ❛♥❞
✸✺✵ ▼P❛ ❢♦r ❝♦♠♣r❡ss✐♦♥✮ t❤❡ r❡s✉❧ts ❛r ❛❧♠♦st t❤❡ s❛♠❡ ✐♥ ❜♦t❤ ❝❛s❡s✳ ❚❤❡
❞✐✛❡r❡♥t ♠❛①✐♠✉♠ ❧♦❛❞s ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣r❡ss✐♦♥ ❧♦❛❞ ❝❛s❡ ❛♥❞ t❤❡ t❡♥s✐♦♥
❧♦❛❞ ❝❛s❡ ♦❢ t❤❡ t❡st s❡r✐❡s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❞❡❧❛♠✐♥❛t✐♦♥
♦❢ t❤❡ ❧♦✇❡r ✜❜r❡❣❧❛ss s❦✐♥ ♦❢ t❤❡ ♠♦rt✐s❡ s❛♥❞✇✐❝❤ ♣❛♥❡❧✳ ❆♥♦t❤❡r s♦✉r❝❡ ♦❢
❡rr♦r ✐s t❤❛t t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❛r❡ ❞♦♥❡ ✇✐t❤♦✉t ♣♦tt✐♥❣✳ ❚❤❡ ✉s❡❞ t❡st s❛♠♣❧❡s
✐♥ ▲ s❤❛♣❡ t❤❛t ✇❡r❡ ❧♦❛❞❡❞ ❡✐t❤❡r ✉♥❞❡r ❝♦♠♣r❡ss✐♦♥ ♦r t❡♥s✐♦♥ ❜r❡❛❦ ✐♥ t❤❡
♣♦tt✐♥❣✲❤♦♥❡②❝♦♠❜ ♠✐①t✉r❡ ✜rst✳ ❚❤❡ ♣♦tt✐♥❣✲❤♦♥❡②❝♦♠❜ ♠✐①t✉r❡ ✐s ❛♥ ♦r✲
t❤♦tr♦♣ ❝♦♠♣♦s✐t❡✳ ■t ❜r❡❛❦s ♦♥ t❤❡ t❤r❡❡ ❛r❡❛s ❜❡s✐❞❡ t❤❡ ♠♦rt✐s❡s ❛♥❞ ✐♥s✐❞❡
t❤❡ t✇♦ t❡♥♦♥s ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❧✲ ❛♥❞ ✇✲❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❤♦♥❡②❝♦♠❜✳

❚♦ ❣❡t ♠♦r❡ ♣r❡❝✐s❡ r❡s✉❧ts✱ t❤❡ ♠❛①✐♠✉♠ ❛❧❧♦✇❛❜❧❡ s❤❡❛r str❡♥❣t❤s ♦❢ t❤❡
♣♦tt✐♥❣✲❤♦♥❡②❝♦♠❜ ♠✐①t✉r❡ ❤❛✈❡ t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❢✉r✲
t❤❡r t❡st s❡r✐❡s ❢♦r ❡①❛♠♣❧❡ ✇✐t❤ t❤❡ ■◆❙❚❘❖◆ ✶✵✵❦◆ ♠❛❝❤✐♥❡ ♦❢ ❙❚ ❈❖▼✲
P❖❙■❚❊❙✳ ❚♦ ♠♦❞❡❧✐③❡ t❤❡ ❣❡♦♠❡tr②✱ ✸❉ ❡❧❡♠❡♥ts ❝♦✉❧❞ ❜❡ ❛♣♣❧✐❡❞✳ ❋♦r ❡①✲
❛♠♣❧❡ s♠❛❧❧ ❍❊❳✽ ❡❧❡♠❡♥ts ✇✐t❤ ❛ t❤✐❝❦♥❡ss ♦❢ ♦♥❡ ♦r t✇♦ ✜❜r❡❣❧❛ss ❧❛②❡rs✳

❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞✱ ❝♦♠♣♦s✐t❡s ❛r❡ ♥♦t ❡❛s② t♦ ❝❛❧❝✉❧❛t❡✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ♦❢
✐ts ❝♦♠♣❧❡① ❝♦♠♣♦s✐t✐♦♥✳ ❚❤❡ s❛❢❡st ✇❛② t♦ ❦♥♦✇ t❤❡ ❧✐♠✐ts ♦❢ t❤❡ st❛❜✐❧✐t② ♦❢
t❤❡ ❝♦♠♣♦s✐t❡ str✉❝t✉r❡ ✐s ❜② ♠❛❦❡✐♥❣ t❡sts ♦♥ r❡❛❧ s❛♠♣❧❡s✳ ❚♦ ✜♥❞ ❛♥ ❛♥❛✲
❧②t✐❝❛❧ ✇❛② t♦ ♣r❡❞✐❝t ❜r❡❛❦❛❣❡ s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ t❤❡ r❡❛❧✐t② ♠❛② ❜❡ ♣♦ss✐❜❧❡
❜✉t ♠❡❛♥s ❛ ❧♦t ♦❢ ✇♦r❦✳ ■t s❤♦✉❧❞ ❜❡ ♣r♦✈❡❞ ✐❢ t❤✐s ✐s r❡❛❧② ♥❡❝❡ss❛r② ♦r ✐❢ ✐t
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✐s ♥♦t ❡❛s✐❡r t♦ ♠❛❦❡ t❡st s❡r✐❡s ✇✐t❤ s❛♠♣❧❡s✳
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✸ ❚❤❡ ❆✸✺✵ ❝❡♥tr❡ ♣❡❞❡st❛❧ ✇✐t❤ ❋❊▼

❚❤✐s ❝❤❛♣t❡r ❞❡s❝r✐❜❡s ❤♦✇ ♥♦✇❛❞❛②s ❛✐r❝r❛❢t str✉❝t✉r❡ ✐s t❡st❡❞ ❛♥❞ ♦♣t✐♠✐③❡❞
❜❡❢♦r❡ ❜❡❡✐♥❣ ♠❛♥✉❢❛❝t✉r❡❞✳ ❚♦ ♣r❡❞✐❝t ✐❢ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♣❧❛♥❡ r❡s✐sts t♦
❛❧❧ ♣♦ss✐❜❧❡ ❧♦❛❞s ❞✉r✐♥❣ ❛♥ ❛✐r❝r❛❢t ❧✐❢❡✱ t❤❡ ✐♥❞✉str② ✉s❡s ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤✲
♦❞s✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦✈❡r t❤❡ ❛♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥ ✐s t❤❛t ❛r❜✐tr❛r② str✉❝t✉r❡
❝❛♥ ❜❡ ❛♥❛❧②s❡❞ ✇✐t❤ ❛❝❝❡♣t❛❜❧❡ r❡s✉❧ts✳ ❚❤✐s ❝❤❛♣t❡r s❤♦✇s ❤♦✇ ❛ ✜♥✐t❡ ❡❧❡✲
♠❡♥t ♠♦❞❡❧ ✐s ❝r❡❛t❡❞ ❜❛s❡❞ ♦♥ ❛ ❈❆❉ ♠♦❞❡❧✱ ❤♦✇ ✐t ✐s ❛♥❛❧②s❡❞ ❛♥❞ ❤♦✇ t❤❡
♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡ss ✇♦r❦s✳

❋✐❣✉r❡ ✸✳✶✿ ▲❡❢t✿ ❆✸✺✵ ❝♦❝❦♣✐t ♣r❡✈✐❡✇ ❬❋❧✐✵✾❪❀ ❘✐❣❤t✿ ❙❚✸❉ ❝❡♥t❡r ♣❡❞❡st❛❧
❈❆❉ ♠♦❞❡❧

✸✳✶ ▼♦❞❡❧✐③❛t✐♦♥

❚❤❡ ❈❆❉ ♠♦❞❡❧ ♦❢ t❤❡ ❝❡♥tr❡ ♣❡❞❡st❛❧ ✭s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✶ r✐❣❤t✮ ✐s ❣✐✈❡♥ ❜②
t❤❡ ❞❡s✐❣♥ ❞❡♣❛rt♠❡♥t ♦❢ ❙❚✸❉✳ ❚❤❡② ❞❡s✐❣♥❡❞ ✐t ✇✐t❤ ❈❆❚■❆ ❱✺✳ ❈❆❚■❆ ✐s ❛
❈❆❉ s♦❢t✇❛r❡ ❞❡✈❡❧♦♣❡❞ ❜② t❤❡ ❋r❡♥❝❤ ❝♦♠♣❛♥② ❉❛ss❛✉❧t ❙②st❡♠✳ ▼❡❛♥✇❤✐❧❡
✐t ❤❛s ❜❡❝♦♠❡ t❤❡ ♠♦st ❡st❛❜❧✐s❤❡❞ s♦❢t✇❛r❡ ✐♥ ❋r❛♥❝❡ ❝♦♥❝❡r♥✐♥❣ ❛❡r♦♥❛✉t✐✲
❝❛❧ ❈❆❉ ♠♦❞❡❧❧✐♥❣✳ ❚❤❡ ❝♦❛rs❡ ❞❡s✐❣♥ ❣✉✐❞❡❧✐♥❡s ✇❡r❡ ❣✐✈❡♥ ❜② ❆✐r❜✉s✳ ■❢
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✸✳✶ ▼♦❞❡❧✐③❛t✐♦♥

✐♠♣♦rt❛♥t ❝❤❛♥❣❡s ❤❛✈❡ t♦ ❜❡ ❞♦♥❡ ♦♥ ❞❡s✐❣♥✱ t❤❡② ❤❛✈❡ t♦ ❜❡ ❝♦♥✜r♠❡❞ ❜②
❆✐r❜✉s✳ ❚❤❡ ❝❡♥tr❡ ♣❡❞❡st❛❧ ❝♦♥s✐sts ♦❢ t❤r❡❡ ♣❛rts✱ t❤❡ ♦✉t❡r str✉❝t✉r❡ ✭❛❧s♦
❝❛❧❧❡❞ ♠❛✐♥ str✉❝t✉r❡✮ ✇❤✐❝❤ r❡♠✐♥❞s ♦❢ ❛ s❤❡❧❧✱ t❤❡ ✐♥♥❡r s✉♣♣♦rt str✉❝t✉r❡
❧❛❜❡❧❡❞ ❛s ❝❛♥✈❛s ❛♥❞ t❤❡ ♠❡t❛❧❧✐❝ ❢r❛♠❡ ✇❤✐❝❤ ❤♦❧❞s t❤❡ ❝♦♥tr♦❧ s②st❡♠ ❞❡✲
✈✐❝❡s✳ ❊①❝❡♣t t❤✐s ❢r❛♠❡✱ t❤❡ ♣❡❞❡st❛❧ ✐s ♠❛❞❡ ♦❢ ✜❜r❡ r❡✐♥❢♦r❝❡❞ ❝♦♠♣♦s✐t❡s✳
■♥ ❣❡♥❡r❛❧ t❤❡ ❝❡♥tr❡ ♣❡❞❡st❛❧s ♦❢ ❛✐r❝r❛❢ts ✇❡r❡ ♠❛❞❡ ♦❢ ❛❧✉♠✐♥✐✉♠ ❜✉t ❢♦r
❆✸✺✵ ❛ ❝♦♠♣♦s✐t❡ t②♣❡ ♠✐❣❤t ❜❡ ❞❡♣❧♦②❡❞✳ ❋✐❣✉r❡ ✸✳✷ s❤♦✇s ✇❤✐❝❤ ♠❛t❡r✐❛❧
❤❛s ❜❡❡♥ ❛♣♣❧✐❡❞ ❛t ✇❤✐❝❤ ❛r❡❛ ♦♥ t❤❡ ♦r✐❣✐♥ ♠♦❞❡❧✳

❋✐❣✉r❡ ✸✳✷✿ ❚❤❡ ♦r✐❣✐♥❛❧ ❣✐✈❡♥ t❤✐❝❦♥❡ss

❚♦ ✉s❡ t❤✐s ✈✐rt✉❛❧ ✸❉ str✉❝t✉r❡ ❛s ❛ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ✐t ❤❛s t♦ ❜❡ tr❛♥s✲
❢♦r♠❡❞✳ ❚❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ✇✐❧❧ ❜❡ ❛ s✉r❢❛❝❡ ♠❡s❤ ✇✐t❤ s❤❡❧❧ ❡❧❡♠❡♥ts✱
✇❤❡r❡ ❡✈❡r② ❡❧❡♠❡♥t ❣❡ts ❛ttr✐❜✉t❡s ❧✐❦❡ t❤✐❝❦♥❡ss ❛♥❞ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s✳ ❚♦
❝r❡❛t❡ s✉❝❤ ❛ ♠❡s❤ t❤❡ ❝♦rr❡❝t s✉r❢❛❝❡ str✉❝t✉r❡ ♦❢ t❤❡ ♠♦❞❡❧ ✐s ♥❡❡❞❡❞✱ s♦
t❤❡ ❈❆❉ ♠♦❞❡❧ ❤❛s t♦ ❜❡ r❡❞✉❝❡❞ ❢r♦♠ ❛ ✈♦❧✉♠❡ str✉❝t✉r❡ t♦ ❛ s✉r❢❛❝❡ str✉❝✲
t✉r❡✳ ❊✈❡r② ✸❉ str✉❝t✉r❡ ❤❛s t♦ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ♠✐❞♣❧❛♥❡ s✉r❢❛❝❡ ✇❤❡♥
t❤❡ t❤✐❝❦♥❡ss ✐s ❛♣♣❧✐❡❞ s②♠♠❡tr✐❝❛❧❧② ✇❤✐❝❤ ✐s t❤❡ ❝❛s❡ ❤❡r❡✳ ❚❤✐s ❜❡❝♦♠❡s
❞✐✣❝✉❧t ✐❢ t❤❡ str✉❝t✉r❡ ❣❡ts ♠♦r❡ ❝♦♠♣❧❡①✱ ❧✐❦❡ t❤❡ ♠❡t❛❧❧✐❝ ❢r❛♠❡ t❤❛t ❝❛♥ ❜❡
s❡❡♥ ♦♥ ✜❣✉r❡ ✸✳✸✳ ■♥ t❤✐s ❝❛s❡ t❤❡ str✉❝t✉r❡ ❤❛s t♦ ❜❡ s✐♠♣❧✐✜❡❞ ❜② r❡❞✉❝t✐♦♥
❜❡❢♦r❡ t❤❡ ♠✐❞s✉r❢❛❝❡ ✇✐❧❧ ❜❡ ❝r❡❛t❡❞✳ ❚❤✐s ♠♦❞✐✜❝❛t✐♦♥ ❝❛♥ ❜❡ ❡q✉❛❧✐③❡❞ ❜②
❛❞❞✐♥❣ ❛ ♥♦♥✲str✉❝t✉r❛❧ ♠❛ss ✭◆❙▼✮✳ ❙❡❡ ♣❛r❛❣r❛♣❤ ✧◆♦♥ str✉❝t✉r❛❧ ♠❛ss✧
♦♥ ♣❛❣❡ ✻✹✳

▼♦❞❡❧ s✐♠♣❧✐✜❝❛t✐♦♥ ✐s ❞♦♥❡ ♠❛✐♥❧② t♦ s❛✈❡ t✐♠❡✳ ❚♦❞❛②✱ ✐♥ t✐♠❡s ♦❢ ❣❧♦❜❛❧✲
✐③❛t✐♦♥ ❛♥❞ t❤✉s ✇♦r❧❞✇✐❞❡ ❝♦♠♣❡t✐t✐♦♥s✱ t♦ ❜❡ ❡✣❝✐❡♥t t❤❡ ✐♥❞✉str② tr✐❡s ❤❛r❞
t♦ ✇♦r❦ ♥♦t ❛s ❣♦♦❞ ❛s ♣♦ss✐❜❧❡ ❜✉t ❛s ❣♦♦❞ ❛s ♥❡❡❞❡❞✳ ❚❤✉s t♦ ♦✛❡r ❧♦✇❡r
♣r✐❝❡s✱ ❡✈❡r② ✉♥♥❡❝❡ss❛r✐❧② ♣❛✐❞ ❡♥❣✐♥❡❡r✐♥❣ ✇♦r❦✐♥❣ t✐♠❡ ❤❛s t♦ ❜❡ s❛✈❡❞✳ ❚♦
r❡♣r❡s❡♥t t❤❡ s❤❛♣❡ ✐♥ ❛ ✈❡r② ❞❡t❛✐❧❡❞ ✇❛② ♠❡❛♥s t♦ ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢
❡❧❡♠❡♥ts ❛♥❞ t❤✉s t❤❡ t✐♠❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♠♦❞❡❧✳ ■t ❛❧s♦ ♠❡❛♥s t♦ ✐♥✈❡st✐❣❛t❡
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❋✐❣✉r❡ ✸✳✸✿ ▼❡t❛❧❧✐❝ ❢r❛♠❡ ✉♥❞❡r ❈❆❚■❆ ❱✺

♠♦r❡ t✐♠❡ ✐♥ ♠✐❞♣❧❛♥❡ ❝r❡❛t✐♦♥ ❛♥❞ ✐♥ ♠❡s❤ ❝r❡❛t✐♦♥✳ ▼♦❞❡❧ s✐♠♣❧✐✜❝❛t✐♦♥ ✐s
❞♦♥❡ ✐♥ ❞✐✛❡r❡♥t ✈❛r✐❡t✐❡s ♦♥ t❤❡ ♠❡t❛❧❧✐❝ ❢r❛♠❡✳ ❚❤❡ r♦✉♥❞❡❞ ♦✛ ❡❞❣❡s ❜❡✲
t✇❡❡♥ ♣❡r♣❡♥❞✐❝✉❧❛r s✉r❢❛❝❡s ❤❛✈❡ ❜❡❡♥ ♥❡❣❧❡❝t❡❞✳ ❚❤❡② ❛r❡ r❡♣❧❛❝❡❞ ❜② ✾✵➦
❝♦r♥❡rs ✇❤✐❝❤ ♣❡r♠✐t t♦ ❝r❡❛t❡ ❛ ❝♦♥t✐♥✉♦✉s ♠❡s❤ ✇✐t❤ r❡❧❛t❡❞ ♥♦❞❡s ❜❡t✇❡❡♥
t❤❡s❡ t✇♦ s✉r❢❛❝❡s✳ ❚❤✐s ♠♦❞✐✜❝❛t✐♦♥ ❞❡❝r❡❛s❡s t❤❡ r✐❣✐❞✐t② ❛♥❞ ✐♥❝r❡❛s❡s t❤❡
♣r♦❜❛❜✐❧✐t② ♦❢ ❝r❛❝❦ ❢♦r♠❛t✐♦♥✳ ■t ❝❛♥ ❜❡ s❡❡♥ ❛s ❞✐s♣❡♥s❛❜❧❡ ✐♥❝r❡❛s❡ ♦❢ s❛❢❡t②
❢❛❝t♦r✳ ❚❤❡ ✈❛r✐❛t✐♦♥ ❝❛♥ ❡❛s✐❧② ❜❡ ✐❣♥♦r❡❞ ❜❡❝❛✉s❡ t❤❡✐r ❡✛❡❝t ♦♥ t❤❡ ✜♥❛❧
r❡s✉❧ts ✇✐❧❧ ❜❡ r❡❧❛t✐✈❡❧② ✉♥✐♠♣♦rt❛♥t✳ ❋✉rt❤❡r♠♦r❡ s♠❛❧❧ ✈❛r✐❛t✐❡s ♦❢ ♣❧❛♥❡s
❤❛✈❡ ❜❡❡♥ ✐❣♥♦r❡❞❀ ❡✈❡r② s✉r❢❛❝❡ ✐s ♣❧❛♥❡ ❛♥❞ ❤❛s t❤❡ s❛♠❡ t❤✐❝❦♥❡ss ✭s❡❡ ✜❣✉r❡
✸✳✺✮ ❍♦❧❡s ❛r❡ ♥♦t ❝♦♥s✐❞❡r❡❞✳ ❍♦❧❡s ❛r❡ ♠❛❞❡ t♦ ✜① t❤❡ ❡❧❡❝tr✐❝ ❡q✉✐♣♠❡♥t t♦
t❤❡ ♠❡t❛❧❧✐❝ ❢r❛♠❡✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡s❡ ❢❛st❡♥❡rs ✐s ♥♦t ♥❡❝❡ss❛r②✱ t❤❡
❡①♣❧❛♥❛t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ ♣❛r❛❣r❛♣❤ ✧✵❉ ♠❛ss ❡❧❡♠❡♥ts✧ ♦♥ ♣❛❣❡ ✻✷✳ ■♥ ❣❡♥❡r❛❧
t❤❡ ❣❡♦♠❡tr② ✐s ❦❡♣t ❛s s✐♠♣❧❡ ❛s ♣♦ss✐❜❧❡ ✇✐t❤♦✉t t♦♦ ♠✉❝❤ ❞❡✈✐❛t✐♦♥ ❢r♦♠
t❤❡ ❣✐✈❡♥ str✉❝t✉r❡✳ ■❢ t❤❡ ♠♦❞❡❧ s❤♦✉❧❞ ♥♦t ❜❡ ❞❡t❛✐❧❡❞ ❡♥♦✉❣❤ ✐t st✐❧❧ ❝❛♥ ❜❡
✐♠♣r♦✈❡❞ ❧❛t❡r✳
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❋✐❣✉r❡ ✸✳✹✿ ▲❡❢t✿ ❈❆❉ ♠✐❞♣❧❛♥❡ s✉r❢❛❝❡ ♠♦❞❡❧ ❜② ✉s✐♥❣ t❤❡ s②♠♠❡tr②❀ ❘✐❣❤t✿
❋✐①❛t✐♦♥s

▼✐❞♣❧❛♥❡ ❝r❡❛t✐♦♥ ✐s ♠❛❞❡ ❜② ♠♦✈✐♥❣ ❡✐t❤❡r t❤❡ ✐♥♥❡r ♦r t❤❡ ♦✉t❡r ❢❛❝❡ ♦❢ ❛
✸❉ s✉r❢❛❝❡ t♦✇❛r❞s t❤❡ ♠✐❞❞❧❡ ❜② ❡♠♣❧♦②✐♥❣ ❛♥ ♦✛s❡t ♦❢ ❤❛❧❢ t❤❡ t❤✐❝❦♥❡ss✳ ❚❤❡
❞✐✣❝✉❧t ♣❛rt ✐s t❤❡ r❡❝♦♥♥❡❝t✐♦♥ ♦❢ s❡♣❛r❛t❡❞ s✉r❢❛❝❡s ✇❤✐❝❤ ✇❡r❡ ❝♦♥♥❡❝t❡❞
♣r♦♣❡r❧② ❛s ❛ ✸❉ ♠♦❞❡❧ ❜✉t t❤❡r❡ ❝♦✉❧❞ ❜❡ ♠✐st❛❦❡s ✇✐t❤ ♦✛s❡t s✉r❢❛❝❡s✳ ■❢ t❤❡
♠✐❞♣❧❛♥❡s ♦✈❡r❧❛♣✱ t❤❡ ❥✉tt✐♥❣ ♦✉t ♣❛rts ❤❛✈❡ t♦ ❜❡ ❝✉t✱ ❜✉t ✐❢ t❤❡r❡ ✐s ❛ ❣❛♣ ✐♥
❜❡t✇❡❡♥✱ ✐t ❤❛s t♦ ❜❡ ✜❧❧❡❞ ❡✐t❤❡r ❜② ❛❞❞✐♥❣ ✜❧❧✲s✉r❢❛❝❡s ♦r ❜② ❝♦♥♥❡❝t✐♥❣ t❤❡♠
❞✐r❡❝t❧② ✇✐t❤ s❤❡❧❧ ❡❧❡♠❡♥ts✳ ❚❤❡r❡ ❛r❡ ❞✐✛❡r❡♥t ✇❛②s t♦ r❡❞✉❝❡ ❈❆❉ ♠♦❞❡❧s✳
■♥ t❤✐s ❝❛s❡ t❤❡ ♠✐❞s✉r❢❛❝❡s ❛r❡ ❜✉✐❧t ✇✐t❤ ❈❆❚■❆✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ✇♦✉❧❞ ❜❡ t♦
❡①♣♦rt t❤❡ ♦r✐❣✐♥❛❧ ❈❆❉ ♣❡❞❡st❛❧ t♦ ❡❞✐t ✐t ✇✐t❤ t❤❡ ❋❊▼ s♦❢t✇❛r❡ ♦r ❡✈❡♥ t♦
r❡❜✉✐❧❞ ✐t ❝♦♠♣❧❡t❡❧② ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ❈❆❉ ❞✐♠❡♥s✐♦♥s✳ ❇✉t t❤❡ ♠♦st
❡✣❝✐❡♥t ♦♣t✐♦♥ ✐s t♦ ❡❞✐t t❤❡ str✉❝t✉r❡ ✇✐t❤ ❈❆❚■❆ ✇❤✐❝❤ ✐s ♣r♦❣r❛♠♠❡❞ ❢♦r
❞❡s✐❣♥ ❡❞✐t✐♥❣✳

❋✐❣✉r❡ ✸✳✺✿ ❧❡❢t✿ ❱♦❧✉♠❡ str✉❝t✉r❡❀ r✐❣❤t✿ ▼✐❞♣❧❛♥❡ str✉❝t✉r❡
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❚r❛♥s❧❛t✐♦♥ ❜❡t✇❡❡♥ ❈❆❉ ❛♥❞ ❋❊▼ ❙♦❢✇❛r❡ ✐s ♣♦ss✐❜❧❡ ❜② ✉s✐♥❣ t❤❡
■●❊❙ ✐♥t❡r❢❛❝❡✳ ❚❤❡ ■♥✐t✐❛❧ ●r❛♣❤✐❝s ❊①❝❤❛♥❣❡ ■♥t❡r❢❛❝❡ ✭■●❊❙✮ ❞❡✜♥❡s ❛
♥❡✉tr❛❧ ❞❛t❛ ❢♦r♠❛t ✭✯✳✐❣s✮ t❤❛t ❛❧❧♦✇s t❤❡ ❞✐❣✐t❛❧ ❡①❝❤❛♥❣❡ ✐♥ t❤❡ ❢♦r♠ ♦❢
♣♦✐♥ts✱ ❧✐♥❡s✱ s✉r❢❛❝❡s ❛♥❞ s♦❧✐❞s✳ ❚♦ ✐♠♣♦rt ❛ ✸❉ s♦❧✐❞✱ t❤❡ ❈❆❉ ♠♦❞❡❧ ❤❛s
t♦ ❜❡ ❝r❡❛t❡❞ ❛s ❛ ✸❉ s♦❧✐❞✳ ❚❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❤❡r❡✳ ❖♥❝❡ t❤❡ ♠✐❞♣❧❛♥❡
♠♦❞❡❧ ✐s ❝r❡❛t❡❞ ✐t ✐s ❡①♣♦rt❡❞ ❛s ✯✳✐❣s ✜❧❡ ❢r♦♠ ❈❆❚■❆✳ ❯♥❞❡r P❆❚❘❆◆ ②♦✉
✐♠♣♦rt t❤❡ s✉r❢❛❝❡s ❢r♦♠ t❤✐s ✜❧❡ ❛s ❣❡♦♠❡tr②✳ ●❡♦♠❡tr② ✐s ♥❡❡❞❡❞ t♦ ❝r❡❛t❡
❛ ♠❡s❤✳ ❖♥❝❡ t❤❡ ♠❡s❤ ✐s ❝r❡❛t❡❞ t❤❡ ❣❡♦♠❡tr② ✐s ♥♦t ♥❡❡❞❡❞ ❛♥② ♠♦r❡ ❛♥❞
❝❛♥ ❜❡ ❞❡❧❡t❡❞✳
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✸✳✶✳✶ ❊❧❡♠❡♥ts

▼❡s❤ ❝r❡❛t✐♦♥ ❝❛♥ ❜❡ ❞♦♥❡ ♦♥❝❡ t❤❡ s✉r❢❛❝❡s ❛r❡ ✐♠♣♦rt❡❞ ✐♥t♦ P❆❚❘❆◆✳
❚❤❡ ♠❡s❤ ❝♦♥s✐sts ♦❢ sq✉❛r❡ s❤❡❧❧ ❡❧❡♠❡♥ts✳ ❚❤❡✐r ❧♦❝❛t✐♦♥ ✐s ♦r✐❡♥t❛t❡❞ ♦♥ ♦♥❡
❣❧♦❜❛❧ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ♣❧❛❝❡❞ ♦♥ t❤❡ ♥♦s❡ ♦❢ t❤❡ ♣❧❛♥❡✳ ❊✈❡r② ✜♥✐t❡ ❡❧❡♠❡♥t
❛✐r❝r❛❢t ❝♦♠♣♦♥❡♥t ♠✉st ❤❛✈❡ t❤❡ s❛♠❡ ❣❧♦❜❛❧ ❝♦♦r❞✐♥❛t❡ s②st❡♠ t♦ ❛ss✉r❡ t❤❛t
❡✈❡r②t❤✐♥❣ ✐s ♦♥ t❤❡ r✐❣❤t ♣❧❛❝❡ ✇❤❡♥ ✜♥❛❧❧② ❡✈❡r②t❤✐♥❣ ✐s ♣✉t t♦❣❡t❤❡r✳ ❚❤❡
sq✉❛r❡ s❤❡❧❧ ❡❧❡♠❡♥ts ❛r❡ ❣❡♥❡r❛t❡❞ ❛✉t♦♠❛t✐❝❛❧❧② ♦♥ t❤❡ ♠✐❞♣❧❛♥❡ s✉r❢❛❝❡s
✇✐t❤ t❤❡ ✧♣❛✈❡r✧ ♦♣t✐♦♥✳ ❚❤❡ ❡❧❡♠❡♥t ❞✐♠❡♥s✐♦♥ ✐s s❡t ✉♣ t♦ ✽ ♠♠ ① ✽ ♠♠✳
✧P❛✈❡r✧ ♠❡❛♥s t❤❛t t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t s♦❢t✇❛r❡ ❝r❡❛t❡s t❤❡ ♠❡s❤ ❛✉t♦♠❛t✐❝❛❧❧②
♦♥ t❤❡ ❝❤♦s❡♥ s✉r❢❛❝❡ ✐♥ ♦r❞❡r t♦ ❦❡❡♣ t❤❡ ❣✐✈❡♥ ❡❧❡♠❡♥t ❞✐♠❡♥s✐♦♥ ❛s ❡①❛❝t❧②
❛s ♣♦ss✐❜❧❡✳ ❙♦♠❡t✐♠❡s✱ ❡s♣❡❝✐❛❧❧② ✐❢ t❤❡r❡ ❛r❡ ✉♥♥♦t✐❝❡❞ s♠❛❧❧ ❡❞❣❡s ♦♥ ❛
s✉r❢❛❝❡✱ ❝❛✉s❡❞ ❜② t❤❡ ❈❆❉ ♠♦❞❡❧✱ t❤❡ ♣❛✈❡r ♦♣t✐♦♥ ❝r❡❛t❡s ✉♥♥❡❝❡ss❛r② s♠❛❧❧
❡❧❡♠❡♥ts ✭s❡❡ ✜❣✉r❡ ✸✳✻ ❧❡❢t ❛♥❞ ❝❡♥tr❡✮✳ ■♥ t❤✐s ❝❛s❡ t❤♦s❡ ❡❧❡♠❡♥ts ✇❡r❡
❞❡❧❡t❡❞ ❛♥❞ r❡♣❧❛❝❡❞ ♠❛♥✉❛❧ ❜② ❧❛r❣❡r ❡❧❡♠❡♥ts t♦ ♦❜t❛✐♥ ❛ ❝♦♥t✐♥✉♦✉s ❛♥❞
❝❧❡❛r ♠❡s❤✳

❋✐❣✉r❡ ✸✳✻✿ ❊rr♦rs ✐♥ t❤❡ ✧♣❛✈❡r✧ ♦♣t✐♦♥❀ ▲❡❢t✿ ❈❡♥tr❡ ♣❡❞❡st❛❧ ❞✉r✐♥❣ ♠❡s❤
❝r❡❛t✐♦♥❀ ❘✐❣❤t✿ ❩♦♦♠ ♦♥ t❤❡ r❡❞ sq✉❛r❡ ♦❢ t❤❡ ❧❡❢t ✜❣✉r❡ s❤♦✇✐♥❣
t♦♦ s♠❛❧❧ ❡❧❡♠❡♥ts

●❛♣s✳ ❨♦✉ ❤❛✈❡ t♦ ❞✐st✐❣✉✐s❤ ❜❡t✇❡❡♥ ❧❛r❣❡ ❣❛♣s ❛♥❞ t❤✐♥ ❣❛♣s✳ ■❢ ✐t ✐s
♣♦ss✐❜❧❡ t♦ ❝♦♥♥❡❝t ❞✐✛❡r❡♥t ♠❡s❤❡s ❜② str❡t❝❤✐♥❣ t❤❡ ❡❧❡♠❡♥ts t❤❡♥ t❤❡s❡ ❛r❡
t❤✐♥ ❣❛♣s ✭s❡❡ ✜❣✉r❡ ✸✳✻ r✐❣❤t✮✳ ❇✉t ✐❢ ❡❧❡♠❡♥ts ❤❛✈❡ t♦ ❜❡ ❝r❡❛t❡❞ ❜❡t✇❡❡♥
t❤❡ t✇♦ ♠❡s❤❡s ②♦✉ t❛❧❦ ❛❜♦✉t ❧❛r❣❡ ❣❛♣s✳ ❚♦ ❤❛♥❞❧❡ t❤❡ ❧❛r❣❡ ❣❛♣s ❜❡t✇❡❡♥
s✉r❢❛❝❡s t❤❡r❡ ❛r❡ t✇♦ ♣r♦❝❡❞✉r❡s✳ ❖♥❡ ♣r♦❝❡❞✉r❡ ✐s t♦ ❝r❡❛t❡ s✉r❢❛❝❡s ❜❡t✇❡❡♥
t❤❡♠✱ t♦ ❛ss♦❝✐❛t❡ t❤❡ s✉r❢❛❝❡s✱ t♦ ♠❡s❤ t❤❡♠ ❛♥❞ t♦ ❝♦♥♥❡❝t t❤❡ ♠❡s❤❡s ❜②
t❤❡ ♦♣t✐♦♥ ✧❡q✉✐✈❛❧❡♥❝❡✧ ✇❤❡r❡ s✉♣❡r♣♦s❡❞ ♥♦❞❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ❛♥❞ ✉♥✐t❡❞
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✐♥ ❛ ❞❡✜♥❡❞ r❛❞✐✉s✳ ❆♥♦t❤❡r ♣r♦❝❡❞✉r❡ ✐s t♦ ❝r❡❛t❡ t❤❡ ❡❧❡♠❡♥ts ♦♥❡ ❜② ♦♥❡
✉s✐♥❣ t❤❡ ❛✈❛✐❧❛❜❧❡ ♥♦❞❡s ♦❢ t❤❡ t✇♦ ♠❡s❤❡❞ ♠✐❞♣❧❛♥❡s✳ ❲❤❡♥❡✈❡r ♣♦ss✐❜❧❡ ②♦✉
❝r❡❛t❡ ❈◗❯❆❉✹ ❡❧❡♠❡♥ts ✭❞❡✜♥✐t✐♦♥ ✐♥ ❛♣♣❡♥❞✐①✮✳ ❖t❤❡r✇✐s❡✱ ✐❢ t❤❡ ♥✉♠❜❡r
♦❢ ♥♦❞❡s ✐s ♥♦t ❡q✉❛❧ ♦♥ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❣❛♣✱ ②♦✉ ❝❛♥ ❛❧s♦ ✉s❡ ❈❚❘■❆✸
❡❧❡♠❡♥ts ✭❞❡✜♥✐t✐♦♥ ✐♥ ❛♣♣❡♥❞✐①✮ ❜✉t t❤❡ ♥✉♠❜❡r ♦❢ t❤❡s❡ ❡❧❡♠❡♥ts s❤♦✉❧❞ ❜❡
❦❡♣t ❛s ❧♦✇ ❛s ♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❛♥s✇❡r ♦❢ tr✐❛♥❣❧❡ ❡❧❡♠❡♥ts
✐s t♦♦ r✐❣✐❞✳ ■❢ t❤❡ ❣❛♣s ❜❡t✇❡❡♥ ♠❡s❤❡❞ s✉r❢❛❝❡s ❛r❡ t❤✐♥✱ ②♦✉ ❝❛♥ ✉s❡ t❤❡
♦♣t✐♦♥ ✧❡q✉✐✈❛❧❡♥❝❡✧ ✐♥ ❛♥ ❡①♣❛♥❞❡❞ ✇❛②✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❛r❡❛
✇❤❡r❡ t❤❡ ✧❡q✉✐✈❛❧❡♥❝❡✧ s❤♦✉❧❞ ❜❡ ❛♣♣❧✐❡❞ ✭t❤✐s ✇♦✉❧❞ ❜❡ t❤❡ ♥♦❞❡s ♦❢ t❤❡
♠❡s❤❡❞ ❡❞❣❡s ♦❢ t❤❡ ❣❛♣✮ ❛♥❞ t♦ ✇✐❞❡♥ t❤❡ r❛❞✐✉s s♦ t❤❛t t❤❡ ♠❡s❤❡s ✇❡r❡
✧s❡✇♥✧ ❛✉t♦♠❛t✐❝❛❧❧②✳ ❇✉t ❜❡ ❛✇❛r❡ ♥♦t t♦ ❛♣♣❧② t❤✐s ♠❡t❤♦❞ ♦♥ ❣❛♣s t❤❛t
❛r❡ ❧❛r❣❡r t❤❛♥ t❤❡ ❧❡♥❣t❤ ♦❢ ②♦✉r ❡❧❡♠❡♥ts ♦t❤❡r✇✐s❡ t❤❡ ❡①✐st✐♥❣ ♠❡s❤❡s ❝❛♥
❜❡ ❞❛♠❛❣❡❞✳ ❖♥❡ ❢✉rt❤❡r s♦❧✉t✐♦♥ ✐s t♦ ✉s❡ t❤❡ ♦♣t✐♦♥ ✧♠♦✈❡ ♥♦❞❡✧ ✇❤❡r❡
❡❧❡♠❡♥ts ❝❛♥ ❜❡ ❝♦♥♥❡❝t❡❞ ♠❛♥✉❛❧② ♦♥❡ ❜② ♦♥❡ ❜② str❡❝❤✐♥❣ t❤❡♠✳ ■❢ t❤❡r❡
✐s ♥♦ ❣❛♣✱ t❤❡ ❡❞❣❡s ♦❢ t✇♦ t♦✉❝❤✐♥❣ s✉r❢❛❝❡s ❤❛✈❡ t♦ ❜❡ ❥♦✐♥❡❞ ❜② t❤❡ ♦♣t✐♦♥
✧❛ss♦❝✐❛t❡✧✳ ❚❤✐s ❛ss✉r❡s t❤❛t t❤❡ ♥♦❞❡s ♦❢ ❜♦t❤ s✉r❢❛❝❡s ❛r❡ s✉♣❡r♣♦s❡❞ ♦♥
t❤❡ s❛♠❡ ❡❞❣❡✳ ■❢ t❤✐s ♦♣t✐♦♥ ✐s r❡❢✉s❡❞✱ t❤❡ s✉r❢❛❝❡s ❛r❡ ♣r♦❜❛❜❧② s❡♣❡r❛t❡❞
❜② ❛ ♥♦♥ ✈✐s✐❜❧❡ ❣❛♣✳

❋✐❣✉r❡ ✸✳✼✿ ❩♦♦♠ ♦♥ t❤❡ r❡❞ sq✉❛r❡ ♦❢ ✜❣✉r❡ ✸✳✻ r✐❣❤t s❤♦✇✐♥❣ ❛ t❤✐♥ ❣❛♣✳

❖♥❝❡ t❤❡ ♠❡s❤ ✐s ❝r❡❛t❡❞ ✐t ❤❛s t♦ ❜❡ ✈❡r✐✜❡❞ t♦ ❜❡ ❝♦♥t✐♥✉♦✉s ✇✐t❤♦✉t ♦✈❡r✲
s❡❡♥ ❣❛♣s ♦r ♦✈❡r❧❛♣♣✐♥❣ ❡❧❡♠❡♥ts✳ ❆ ❤❡❧♣❢✉❧ s❡tt✐♥❣ ✐♥ P❆❚❘❆◆ ✐s ✧❢r❡❡
❡❞❣❡s✧✳ ❚❤✐s ♣❡r♠✐ts t♦ s❡❡ ❥✉st t❤❡ ♠❡s❤ ❡❞❣❡s t❤✉s ✐♥❝♦♥s♣✐❝✉♦✉s ❣❛♣s ♦r
❞♦✉❜❧❡ ❡❧❡♠❡♥ts ❝❛♥ ❜❡ ❞✐s❝♦✈❡r❡❞ ✐♠♠❡❞✐❛t❡❧②✳ ❚♦ ❝♦rr❡❝t ✐rr❡❣✉❧❛r✐t✐❡s t❤❡
s❡tt✐♥❣ ✧❡q✉✐✈❛❧❡♥❝❡✧✱ ✧♠♦✈❡ ♥♦❞❡✧✱ ✧❞❡❧❡t❡ ❡❧❡♠❡♥t✧ ♦r ✧❝r❡❛t❡ ❡❧❡♠❡♥t✧ ❝❛♥
❜❡ ✉s❡❞✳ ■❢ t❤❡ ✇❤♦❧❡ ❣r✐❞ ✐s ♣r♦♣❡r✱ t❤❡ ❡❧❡♠❡♥ts ❤❛✈❡ t♦ ❜❡ r❡✈✐❡✇❡❞✳ ❚❤r❡❡
❦✐♥❞s ♦❢ ❝❤❡❝❦s ❛r❡ ♥❡❝❡ss❛r②❀ ❡✈❡r② ❡❧❡♠❡♥t ♥♦r♠❛❧ ✈❡❝t♦r ❤❛s t♦ ♣♦✐♥t ✐♥
t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥ ❛♥❞ ❡✈❡r② ❡❧❡♠❡♥t ❤❛s t♦ r❡s♣❡❝t t❤❡ ✧t❛♣❡r r❛t✐♦✧ ❛♥❞ t❤❡
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✧s❦❡✇ ❛♥❣❧❡✧ t♦ ♠❛❦❡ s✉r❡ t❤❛t ♥♦ ❡❧❡♠❡♥t ✐s t♦♦ s❦❡✇❡❞ t♦ ♣r♦✈♦❦❡ ✐♠♣r❡❝✐s❡
r❡s✉❧ts✳

❋✐❣✉r❡ ✸✳✽✿ ❘❇❊ ❡❧❡♠❡♥ts ♦♥ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧

❘❇❊✷ ❛r❡ r✐❣✐❞ ❡❧❡♠❡♥ts t❤❛t ❛r❡ ✉s❡❞ t♦ ❝♦♥♥❡❝t ❞✐✛❡r❡♥t ♣❛rts✳ ❍❡r❡ t❤❡s❡
❡❧❡♠❡♥ts r❡♣❧❛❝❡ t❤❡ ❣❧✉❡ ❜❡t✇❡❡♥ t❤❡ ♠❡t❛❧❧✐❝ ❢r❛♠❡ ♦r t❤❡ ❝❛♥✈❛s ❛♥❞ t❤❡
♠❛✐♥ str✉❝t✉r❡✳ ❚❤❡ ❘❇❊✷s ❛r❡ ♣❧❛❝❡❞ ❜❡t✇❡❡♥ ♦♥❡ ♥♦❞❡ ✭♠❛st❡r✮ ♦♥ t❤❡ ♠❛✐♥
str✉❝t✉r❡ ❛♥❞ t❤❡ ♥❡❛r❡st ♥♦❞❡ ✭s❧❛✈❡✮ ♦♥ t❤❡ ❢r❛♠❡ ♦r ❝❛♥✈❛s str✉❝t✉r❡✳ ❚❤❡②
tr❛♥s♠✐t t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ r♦t❛t✐♦♥s ❢r♦♠ t❤❡ ♠❛st❡r ♥♦❞❡ t♦ t❤❡ s❧❛✈❡
♥♦❞❡ ✭s❡❡ ✜❣✉r❡ ✸✳✽✮✳

❘❇❊✸ ✐s ❛♥ ❡❧❡♠❡♥t ❧✐❦❡ t❤❡ ❘❇❊✷✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✐s t❤❛t ♥♦t ❞✐s♣❧❛❝❡♠❡♥ts
❜✉t ❢♦r❝❡s ❛r❡ tr❛♥s♠✐tt❡❞✳ ■t ✐s ♥♦t ❛ r✐❣✐❞ ❡❧❡♠❡♥t ❧✐❦❡ ❘❇❊✷✳ ❘❇❊✸ ❡❧❡♠❡♥ts
❛r❡ ✉s❡❞ t♦ ❝♦♥♥❡❝t t❤❡ ♠❛ss❡s ♦❢ t❤❡ ❡❧❡❝tr✐❝❛❧ ❡q✉✐♣♠❡♥t ✇✐t❤ t❤❡ ♠❡t❛❧❧✐❝
❢r❛♠❡✳ ❚❤❡② ❝♦♥♥❡❝t t❤❡ ♣✉♥❝t✉❛❧ ♠❛ss✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ ❡❧❡❝tr✐❝❛❧ ❞❡✈✐❝❡s
✭s❡❡ ✵❉ ❡❧❡♠❡♥t ♦♥ ♣❛❣❡ ✻✷✮ ✇✐t❤ t❤❡ ♠❡t❛❧❧✐❝ ❢r❛♠❡✳

✵❉ ♠❛ss ❡❧❡♠❡♥ts ❛r❡ ✉s❡❞ t♦ r❡♣r❡s❡♥t t❤❡ ♠❛ss ❛♥❞ t❤❡ ✐♥❡rt✐❛ ♦❢ t❤❡
❡q✉✐♣♠❡♥ts✳ ❇❡s✐❞❡ t❤❡ ❈❆❉ ✜❧❡s t❤❡ ❞✐♠❡♥s✐♦♥s ❛♥❞ ✇❡✐❣❤t ♦❢ t❤❡ ❡❧❡❝tr♦♥✐❝
❞❡✈✐❝❡s ❛r❡ ❣✐✈❡♥ ❜② ❆✐r❜✉s✳ ❚❤❡ ✐♥❡rt✐❛s ♦❢ ❡❛❝❤ ❞❡✈✐❝❡ ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❜② t❤❡
❢♦r♠✉❧❛s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✶✵✳ ■♥ P❆❚❘❆◆ t❤❡ ✵❉ ❡❧❡♠❡♥ts ❛r❡ ♥♦❞❡s t❛❣❣❡❞
✇✐t❤ ❛ tr✐❛♥❣❧❡ s②♠❜♦❧ ✭s❡❡ ✜❣✉r❡ ✸✳✽✮✳
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✸✳✶✳✷ ❋✐①✐♥❣s

❋✐①✐♥❣s ❛r❡ ♠♦❞❡❧❧❡❞ ❜② ❝♦♥str❛✐♥✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡s ✐♥ tr❛♥s❧❛t✐♦♥
❛♥❞ r♦t❛t✐♦♥✳ ❚❤❡ ♣❡❞❡st❛❧ ✐s ✜①❡❞ ♦♥ ❢♦✉r ♣♦✐♥ts ♦♥ t❤❡ ❝♦❝❦♣✐t ❣r♦✉♥❞ ✐♥t♦
r❛✐❧s✳ ❚♦ ❦❡❡♣ t❤❡ ❡①❛❝t ♣♦s✐t✐♦♥s ♦❢ t❤❡ ✜①✐♥❣s t❤❡✐r ❤♦❧❡s ✇❡r❡ ♥♦t ❞❡❧❡t❡❞
❜② t❤❡ ♣r♦❝❡ss ♦❢ ♠♦❞❡❧ s✐♠♣❧✐✜❝❛t✐♦♥ ✭s❡❡ ✧▼♦❞❡❧ s✐♠♣❧✐✜❝❛t✐♦♥✧ ♦♥ ♣❛❣❡ ✺✻✮
❛♥❞ ❛ ♥♦❞❡ ✐s ❝r❡❛t❡❞ ✐♥ ✐ts ❝❡♥tr❡✳ ❚❤✐s ♥♦❞❡ ✐s ❝♦♥♥❡❝t❡❞ ✇✐t❤ t❤❡ ❣r✐❞ ❜②
♠❛♥✉❛❧② ❛❞❞❡❞ sq✉❛r❡ ❡❧❡♠❡♥ts✳

✸✳✶✳✸ Pr♦♣❡rt✐❡s

❊✈❡r② ❡❧❡♠❡♥t ✐s ❛❧❧♦❝❛t❡❞ ❜② ❛ ♣r♦♣❡rt② ✇❤✐❝❤ ❞❡✜♥❡s t❤❡ ✉s❡❞ ♠❛t❡r✐❛❧ ❛♥❞
t❤❡ s❤❡❧❧ t❤✐❝❦♥❡ss✳ ❚❤❡ ♠❛t❡r✐❛❧s ❛♣♣❧✐❡❞ ♦♥ t❤❡ ❝❡♥tr❡ ♣❡❞❡st❛❧ str✉❝t✉r❡ ❛r❡
❞❡✜♥❡❞ ❛s ❧✐♥❡❛r ❡❧❛st✐❝ ❛♥❞ ❜② ✈❛❧✉❡s ❧✐❦❡ ❨♦✉♥❣✬s ▼♦❞✉❧✉s✱ P♦✐ss♦♥s ❘❛t✐♦
❛♥❞ ❞❡♥s✐t②✳ ❆❧✉♠✐♥✐✉♠ ✐s ❛♥ ✐s♦tr♦♣ ♠❛t❡r✐❛❧ s♦ t❤❡ ✈❛❧✉❡s ❛r❡ ❡q✉❛❧ ❢♦r
❡❛❝❤ ❞✐r❡❝t✐♦♥✳ ■s♦tr♦♣✐❝ ♠❛t❡r✐❛❧s ❛r❡ ❞❡✜♥❡❞ ❛s ▼❆❚✶ ✐♥ t❤❡ ◆❆❙❚❘❆◆
❞❛t❛s❤❡❡t✳ ❖rt❤♦tr♦♣✐❝ ♠❛t❡r✐❛❧s ❧✐❦❡ ✉♥✐❛①✐❛❧ ✜❜r❡ ❣❧❛ss ♣r❡♣r❡❣s ❛♥❞ ❤♦♥❡②✲
❝♦♠❜ ❛r❡ ▼❆❚✽✳ ■❢ ❛♥ ❡❧❡♠❡♥t r❡♣r❡s❡♥ts ❛ ❝♦♠♣♦s✐t❡ str✉❝t✉r❡ ❧✐❦❡ s❛♥❞✇✐❝❤
♦r ♠✉❧t✐✲❧❛②❡r❡❞ ✜❜r❡ ❣❧❛ss ✐t ✇✐❧❧ ❜❡ ❛ P❈❖▼P ❛♥❞ ✇✐❧❧ ❝♦♥t❛✐♥ t❤❡ ♥❛♠❡s
❛♥❞ ♦r✐❡♥t❛t✐♦♥s ♦❢ t❤❡ ♠❛t❡r✐❛❧s ✐t ✐s ♠❛❞❡ ♦❢✳ ◆♦♥✲❝♦♠♣♦s✐t❡ str✉❝t✉r❡s ❛r❡
❝❛❧❧❡❞ P❙❍❊▲▲✳ ❚❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ❡❧❡♠❡♥ts ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

▼♦❞✐✜❝❛t✐♦♥s s❤♦✉❧❞ ❜❡ ❦❡♣t ❛s r❛r❡❧② ❛s ♣♦ss✐❜❧❡✳ ■♥ ❜✐❣ ❛ss❡♠❜❧② ✇✐t❤
s❡✈❡r❛❧ ♣❛rts ❧✐❦❡ ❛✐r❝r❛❢ts✱ ❝❤❛♥❣❡s ❤❛♣♣❡♥ ❢r❡q✉❡♥t❧② ❛♥❞ ❛r❡ ♣❛rt ♦❢ ❡♥❣✐✲
♥❡❡rs ✇♦r❦✐♥❣ ❧✐❢❡✳ ❊✈❡♥ ❜② ✉s✐♥❣ ❣r♦✉♣s ✭s❡❡ ♥❡①t ♣❛r❛❣r❛♣❤✮✱ ❞❡♣❡♥❞✐♥❣ ♦♥
t❤❡ ❝❤❛♥❣❡✱ ✐t ❝❛♥ ❜❡ ✈❡r② t✐♠❡✲❝♦♥s✉♠✐♥❣✳ ❙♦ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❣❡t ❛❧❧ ✐♥✲
❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❧❛st st❛t❡ ❢r♦♠ ❛❧❧ ❞❡♣❛rt♠❡♥ts ✇♦r❦✐♥❣ ♦♥ t❤✐s ♣r♦❥❡❝t
❜❡❢♦r❡ ❜❡❣✐♥♥✐♥❣ ✇✐t❤ ♠♦❞❡❧❧✐♥❣✳ ❉✉r✐♥❣ t❤❡ ♣r♦❥❡❝t ♦❢ t❤❡ ❝❡♥tr❡ ♣❡❞❡st❛❧
s❡✈❡r❛❧ ❝❤❛♥❣❡s ✐♥ str✉❝t✉r❡ ❤❛✈❡ ❜❡❡♥ ♠❛❞❡✳ ❋♦r ❡①❛♠♣❧❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐t❡♠s
❤❛✈❡ ❜❡❡♥ ❝❤❛♥❣❡❞✿

❼ t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ❧♦✇❡r ✇✐♥❞♦✇s

❼ t❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ ♠❡t❛❧❧✐❝ ❢r❛♠❡
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❼ t❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ ❧♦✇✱ ❢r♦♥t ♣❛rt ♦♥ ❜♦t❤ s✐❞❡s

❼ t❤❡ ✉♣♣❡r ❛❧❧ r♦✉♥❞ ❜♦r❞❡r r❡❞✉❝❡❞ ✐♥ ❤❡✐❣❤

✭❝♦♠♣❛r❡ ✜❣✉r❡ ✸✳✹ ❧❡❢t ✇✐t❤ ✜❣✉r❡ ✸✳✹ r✐❣❤t✮✳

●r♦✉♣s ✉♥❞❡r P❆❚❘❆◆ ❛r❡ ♠❛❞❡ t♦ s❡♣❛r❛t❡ t❤❡ ✇❤♦❧❡ ♠❡s❤ ✐♥t♦ ❞✐✛❡r❡♥t
❣r♦✉♣s ♦❢ ♠❡s❤❡s✳ ❚❤✐s ❤❡❧♣s t♦ ❦❡❡♣ t❤❡ ♦✈❡r❛❧❧ ✈✐❡✇ ❛♥❞ ♠❛❦❡s ✐t ❡❛s② t♦
✇♦r❦ ♦♥ s❡✈❡r❛❧ ❛r❡❛s ✇✐t❤ s❡✈❡r❛❧ ❡❧❡♠❡♥ts ✇✐t❤♦✉t ❜❡❡✐♥❣ ❝♦♥❢✉s❡❞ ♦r ❧✐♠✐t❡❞
❜② t❡♠♣♦r❛r② ✉♥♥❡❡❞❡❞ ❡❧❡♠❡♥ts✳ ❚❤❡ ❝❡♥tr❡ ♣❡❞❡st❛❧ ✐s s❡♣❡r❛t❡t ✐♥t♦ t❤❡
❢♦❧❧♦✇✐♥❣ ❣r♦✉♣s✿

❼ ♠❡t❛❧❧✐❝ ❢r❛♠❡

❼ ♠❡t❛❧❧✐❝ ❢r❛♠❡ ❝♦♥♥❡❝t✐♦♥ ✭❘❇❊✷s✮

❼ ❝❛♥✈❛s ❧❡❢t s✐❞❡

❼ ❝❛♥✈❛s ♠✐rr♦r

❼ ❝❛♥✈❛s ❝♦♥♥❡❝t✐♦♥ ✭❘❇❊✷s✮

❼ ♠❛✐♥ str✉❝t✉r❡ ❧❡❢t s✐❞❡

❼ ♠❛✐♥ str✉❝t✉r❡ ♠✐rr♦r

❼ ❡❧❡❝tr✐❝❛❧ ❞❡✈✐❝❡s ✭❈❖◆▼✷s ❛♥❞ ❘❇❊✸s✮

❚♦ s❛✈❡ t✐♠❡ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ s②♠♠❡tr② ✐s t❛❦❡♥ ❢♦r t❤❡ ♠❛✐♥ str✉❝t✉r❡
❛♥❞ t❤❡ ❝❛♥✈❛s✳ ❖♥❝❡ t❤❡ ♠♦❞❡❧❧✐♥❣ ♦❢ ♦♥❡ s✐❞❡ ✐s ✜♥✐s❤❡❞✱ t❤❡ ❣r✐❞ ❝❛♥ ❜❡
r❡✢❡❝t❡❞✳

◆♦♥ str✉❝t✉r❛❧ ♠❛ss ✭◆❙▼✮ ✐s t❤❡ ❢r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✇❡✐❣❤t ❞✐✛❡r❡♥❝❡
♦❢ t❤❡ ❈❆❉✲ ❛♥❞ t❤❡ ❋❊✲♠♦❞❡❧ ❛♥❞ t❤❡ s✉r❢❛❝❡✳ ❚❤❡ ✉♥✐t ✐s [ kg

mm2 ] ✇❤✐❝❤ ✐s
❝♦♥s✐st❡♥t❧② ❞✐str✐❜✉t❡❞ ♦♥ s✉r❢❛❝❡✳ P❆❚❘❆◆ ❛s ✇❡❧❧ ❛s ❈❆❚■❆ ❝❛♥ ❞✐s♣❧❛②
t❤❡ ♠❛ss ❛♥❞ t❤❡ s✉r❢❛❝❡ ♦❢ ❛ s❡❧❡❝t❡❞ str✉❝t✉r❡✳ ❚❤❡ ♠❡t❛❧❧✐❝ ❢r❛♠❡ ❤❛s
❜❡❡♥ r❡❞✉❝❡❞ ♠♦r❡ t❤❛♥ t❤❡ r❡♠❛✐♥✐♥❣ str✉❝t✉r❡✱ s♦ t❤❡s❡ t✇♦ s❡❝t✐♦♥s ✇❡r❡
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tr❡❛t❡❞ s❡♣❛r❛t❡❧②✳ ❚❤❡ ❝❛❧❝✉❧❛t❡❞ ♠❛ss ♣❡r ❝✉❜✐❝ ♠✐❧❧✐♠❡t❡r ✐s ❡♥t❡r❡❞ ✐♥t♦
t❤❡ ♣r♦♣❡rt✐❡s✱ P❈❖▼P ❛♥❞ P❙❍❊▲▲✳

✸✳✶✳✹ ❊①♣♦rt

❚❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♥❛❧②s✐s s❤❛❧❧ ❜❡ ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ ♣r♦❣r❛♠ ◆❆❙❚❘❆◆✳
❚❤❡r❡❢♦r❡ ✐t ❤❛s t♦ ❜❡ ❡①♣♦rt❡❞ t❤❡ ✇❛② t❤❛t ◆❆❙❚❘❆◆ ✐s ❝❛♣❛❜❧❡ t♦ r❡❛❞ t❤❡
❞❛t❛✳ ❲✐t❤ ✧❛♥❛❧②s❡✧ ✧♠♦❞❡❧ ♦♥❧②✧ t❤❡ ♠❡s❤ ✐s ✇r✐tt❡♥ ✐♥ ❛ t❡①t ❞♦❝✉♠❡♥t
✇❤❡r❡ ❡✈❡r② ♥♦❞❡ ❧♦❝❛t✐♦♥ ✇✐t❤ ✐ts ✐❞❡♥t✐✜❝❛t✐♦♥ ♥✉♠❜❡r ✭■❉✮ ✐s ❧✐st❡❞✱ ❡✈❡r②
❡❧❡♠❡♥t ♥✉♠❜❡r ✇✐t❤ ✐ts ❜❡❧♦♥❣✐♥❣ ♥♦❞❡s ❛♥❞ ♣r♦♣❡rt②✳
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❋✐❣✉r❡ ✸✳✾✿ ❚❤❡ ❡❧❡❝tr✐❝❛❧ ❞❡✈✐❝❡s r❡♣r❡s❡♥t❡❞ ❜② ✵❉ ❡❧❡♠❡♥ts ❛♥❞ ❝♦♥♥❡❝t❡❞
✇✐t❤ ❘❇❊✸ ❡❧❡♠❡♥ts
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❋✐❣✉r❡ ✸✳✶✵✿ ❈❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ✐♥❡rt✐❛s ♦❢ ❡✈❡r② ❡❧❡❝tr♦♥✐❝ ❞❡✈✐❝❡

❋✐❣✉r❡ ✸✳✶✶✿ ❚❤❡ ♣r♦♣❡rt✐❡s ♦❢ s❛♥❞✇✐❝❤ str✉❝t✉r❡ ✇✐t❤ P❆❚❘❆◆
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✸✳✷ ▼♦❞❛❧ ❛♥❛❧②s✐s

✸✳✷ ▼♦❞❛❧ ❛♥❛❧②s✐s

✸✳✷✳✶ ❚❤❡♦r②

❚❤❡ t❡♥❞❡♥❝② ♦❢ ❛ s②st❡♠ t♦ ♦s❝✐❧❧❛t❡ ❛t ❧❛r❣❡r ❛♠♣❧✐t✉❞❡ ❛t s♦♠❡ ❢r❡q✉❡♥❝✐❡s
t❤❛♥ ❛t ♦t❤❡rs ✐s ❞❡✜♥❡❞ ❛s r❡s♦♥❛♥❝❡✳ ❚❤❡s❡ ❢r❡q✉❡♥❝✐❡s ❛r❡ ❦♥♦✇♥ ❛s t❤❡
s②st❡♠s r❡s♦♥❛♥t ❢r❡q✉❡♥❝✐❡s✳ ❆t t❤❡s❡ ❢r❡q✉❡♥❝✐❡s✱ ❡✈❡♥ s♠❛❧❧ ♣❡r✐♦❞✐❝ ❞r✐✈✲
✐♥❣ ❢♦r❝❡s ❝❛♥ ♣r♦❞✉❝❡ ❧❛r❣❡ ❛♠♣❧✐t✉❞❡ ✈✐❜r❛t✐♦♥s✱ ❜❡❝❛✉s❡ t❤❡ s②st❡♠ st♦r❡s
✈✐❜r❛t✐♦♥❛❧ ❡♥❡r❣②✳ ❇② ♠✐♥✐♠❛❧ ❞❛♠♣✐♥❣✱ t❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ✐s ❛♣♣r♦①✐✲
♠❛t❡❧② ❡q✉❛❧ t♦ t❤❡ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ♦❢ t❤❡ s②st❡♠✱ ✇❤✐❝❤ ✐s t❤❡ ❢r❡q✉❡♥❝② ♦❢
❢r❡❡ ✈✐❜r❛t✐♦♥s✱ t❤❡ ❢r❡q✉❡♥❝② ❛t ✇❤✐❝❤ ❛ s②st❡♠ ♥❛t✉r❛❧❧② ✈✐❜r❛t❡s ♦♥❝❡ ✐t ❤❛s
❜❡❡♥ s❡t ✐♥t♦ ♠♦t✐♦♥✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ✐s t❤❡ ♥✉♠❜❡r ♦❢
t✐♠❡s ❛ s②st❡♠ ✇✐❧❧ ♦s❝✐❧❧❛t❡ ✭♠♦✈❡ ❜❛❝❦ ❛♥❞ ❢♦rt❤✮ ❜❡t✇❡❡♥ ✐ts ♦r✐❣✐♥❛❧ ♣♦s✐t✐♦♥
❛♥❞ ✐ts ❞✐s♣❧❛❝❡❞ ♣♦s✐t✐♦♥ ✐♥ ❛ ❣✐✈❡♥ t✐♠❡✱ ✐❢ t❤❡r❡ ✐s ♥♦ ♦✉ts✐❞❡ ✐♥t❡r❢❡r❡♥❝❡✳

❆ ♠♦❞❛❧ ❛♥❛❧②s✐s ✐s t❤❡ st✉❞② ♦❢ t❤❡ ❞②♥❛♠✐❝ ♣r♦♣❡rt✐❡s ♦❢ str✉❝t✉r❡s ✉♥❞❡r
✈✐❜r❛t✐♦♥❛❧ ❡①❝✐t❛t✐♦♥✳ ▼♦❞❛❧ ❛♥❛❧②s✐s ✐s t❤❡ ✜❡❧❞ ♦❢ ♠❡❛s✉r✐♥❣ ❛♥❞ ❛♥❛❧②s✐♥❣
t❤❡ ❞②♥❛♠✐❝ r❡s♣♦♥s❡ ♦❢ ❛ str✉❝t✉r❡ ✇❤❡♥ ❡①❝✐t❡❞ ❜② ❛♥ ✐♥♣✉t✳ ■t ✐s ❝♦♠♠♦♥
t♦ ✉s❡ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ✭❋❊▼✮ t♦ ♣❡r❢♦r♠ t❤✐s ❛♥❛❧②s✐s ❜❡❝❛✉s❡✱
❧✐❦❡ ♦t❤❡r ❝❛❧❝✉❧❛t✐♦♥s ✉s✐♥❣ t❤❡ ❋❊▼✱ t❤❡ ♦❜❥❡❝t ❜❡✐♥❣ ❛♥❛❧②③❡❞ ❝❛♥ ❤❛✈❡ ❛♥
❛r❜✐tr❛r② s❤❛♣❡ ❛♥❞ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❛r❡ ❛❝❝❡♣t❛❜❧❡✳ ❚❤❡ t②♣❡s ♦❢
❡q✉❛t✐♦♥s ✇❤✐❝❤ ❛r✐s❡ ❢r♦♠ ♠♦❞❛❧ ❛♥❛❧②s✐s ❛r❡ t❤♦s❡ s❡❡♥ ✐♥ ❡✐❣❡♥s②st❡♠s✳ ❚❤❡
♣❤②s✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥✈❡❝t♦rs ✇❤✐❝❤ ❝♦♠❡ ❢r♦♠
s♦❧✈✐♥❣ t❤❡ s②st❡♠ ❛r❡ t❤❛t t❤❡② r❡♣r❡s❡♥t t❤❡ ❢r❡q✉❡♥❝✐❡s ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣
♠♦❞❡ s❤❛♣❡s✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ♦♥❧② ❞❡s✐r❡❞ ♠♦❞❡ ✐s t❤❡ ❧♦✇❡st ❢r❡q✉❡♥❝②✳

❋✐❣✉r❡ ✸✳✶✷✿ ❉✐s♣❧❛❝❡♠❡♥ts ✉♥❞❡r ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② r❡♣r❡s❡♥t❡❞ ❜② ❛♥✐♠❛t❡❞
❞❡❢♦r♠❛t✐♦♥✳

❚♦ ❛ss✉r❡ t❤❛t t❤❡ str✉❝t✉r❡ ✇✐❧❧ ♥♦t ❜❡ ❞❛♠❛❣❡❞ ❞✉r✐♥❣ ❛♥ ❛✐r❝r❛❢t ❧✐❢❡ ✐t ❤❛s
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t♦ ❜❡ ♣r♦✈❡❞ t❤❛t ♥♦ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ✐s ❧♦✇❡r t❤❛♥ t❤❡ ❤✐❣❤❡st ❢r❡q✉❡♥❝② ♦❢
❡①❝✐t❛t✐♦♥ ♦❢ t❤❡ ♣❧❛♥❡✳ ❚❤❡ ❡①❝✐t❛t✐♦♥ ✐s ❝❛✉s❡❞ ❜② t❤❡ t✉r❜✐♥❡s ❛♥❞ ❝❛♥ ✈❛r②
❞✉r✐♥❣ ✉t✐❧✐③❛t✐♦♥✳ ❚❤❡ ❆✸✺✵ ✐s ❛ ♣❧❛♥❡ t❤❛t ✇✐❧❧ ✢② ❛❜♦✈❡ t❤❡ s❡❛ ❢♦r ✇❤✐❝❤
t❤❡ ❧❛✇ ❞❡❝✐❞❡s t❤❛t t❤❡ ♣❧❛♥❡ ❤❛s t♦ ❜❡ ❝❛♣❛❜❧❡ t♦ ✢② ✇✐t❤ ❥✉st ♦♥❡ t✉r❜✐♥❡
✐♥ ❝❛s❡ ♦❢ ❢❛✐❧✉r❡ ♦❢ t❤❡ ♦t❤❡r✳ ■❢ ♦♥❧② ♦♥❡ t✉r❜✐♥❡ ✇♦r❦s✱ t❤❡ ♣❧❛♥❡ ✈✐❜r❛t❡s
❛t ❢r❡q✉❡♥❝✐❡s ✉♣ t♦ ✷✺ ❍③✳ ❚♦ ❜❡ s✉r❡ t❤❛t t❤❡ str✉❝t✉r❡ ✐s r❡❧✐❛❜❧❡ t❤❡ ✜rst
♠♦❞❡ ♦❢ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ♠✉st ❜❡ ❛❜♦✈❡ ✷✻ ❍③✳ ❆❢t❡r ❡①♣♦rt✐♥❣ t❤❡ ✜♥✐t❡
❡❧❡♠❡♥t ♠♦❞❡❧ ❢r♦♠ P❆❚❘❆◆ t❤❡ s♦❧✈❡r ▼❙❈ ◆❆❙❚❘❆◆ ❝❛❧❝✉❧❛t❡s t❤❡ ✜rst
♥✐♥❡ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝✐❡s ❜❛s❡❞ ♦♥ t❤✐s ❡q✉❛t✐♦♥✿

f =
1

2 · π
·

√

[K]

[M ]
✭✸✳✷✳✶✮

❋♦r t❤❡ ♠♦st ❜❛s✐❝ ♣r♦❜❧❡♠ ✐♥✈♦❧✈✐♥❣ ❛ ❧✐♥❡❛r ❡❧❛st✐❝ ♠❛t❡r✐❛❧ ✇❤✐❝❤ ♦❜❡②s
❍♦♦❦❡✬s ▲❛✇✱ t❤❡ ♠❛tr✐① ❡q✉❛t✐♦♥s t❛❦❡ t❤❡ ❢♦r♠ ♦❢ ❛ ❞②♥❛♠✐❝ t❤r❡❡ ❞✐♠❡♥✲
s✐♦♥❛❧ s♣r✐♥❣ ♠❛ss s②st❡♠✳ ❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ✐s ❣✐✈❡♥ ❛s✿

[M ]~̈u + [C]~̇u + [K]u = ~F (t) ✭✸✳✷✳✷✮

✇❤❡r❡ ❬▼❪ ✐s t❤❡ ♠❛ss ♠❛tr✐①✱ ~̈u ✭❛❝❝❡❧❡r❛t✐♦♥✮ ✐s t❤❡ ✷♥❞ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡
❞✐s♣❧❛❝❡♠❡♥t ~u✱ ~̇u ✐s t❤❡ ✈❡❧♦❝✐t②✱ ❬❈❪ ✐s ❛ ❞❛♠♣✐♥❣ ♠❛tr✐①✱ ❬❑❪ ✐s t❤❡ st✐✛♥❡ss

♠❛tr✐①✱ ❛♥❞ ~F (t) ✐s t❤❡ ❢♦r❝❡ ✈❡❝t♦r✳ ❚♦ ♦❜t❛✐♥ t❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝✐❡s ❛♥❞

t❤❡ ♠♦❞❡s ♦❢ ✈✐❜r❛t✐♦♥ ❛♥ ✉♥❞❛♠♣❡❞ ✭[C] = 0✮✱ ❢r❡❡ ♦s❝✐❧❧❛t✐♦♥ ✭~F (t) = 0✮ ✐s
❛ss✉♠❡❞✳

❚❤❡ ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s✿

[M ]~̈u + [K]u = [0] ✭✸✳✷✳✸✮

❚❤✐s ✐s t❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ t❤❡ ❡✐❣❡♥s②st❡♠ ❡♥❝♦✉♥t❡r❡❞ ✐♥ str✉❝t✉r❛❧ ❡♥❣✐♥❡❡r✲
✐♥❣ ✉s✐♥❣ t❤❡ ❋❊▼✳ ~u ✐s ❛ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t✐♦♥✿

❞✐s♣❧❛❝❡♠❡♥t✿
~u = ~A cos(ωt) ✭✸✳✷✳✹❛✮

✈❡❧♦❝✐t②✿
~̇u = −ω · ~A sin(ωt) ✭✸✳✷✳✹❜✮
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❛❝❝❡❧❡r❛t✐♦♥✿

~̈u = −ω2
· ~A cos(ωt)

= −ω2
· ~u

✭✸✳✷✳✹❝✮

❙✉❜st✐t✉t✐♥❣ ❡q✉❛t✐♦♥ ✸✳✷✳✹ ✐♥t♦ ❡q✉❛t✐♦♥ ✸✳✷✳✸ ❣✐✈❡s ❡q✉❛t✐♦♥ ✸✳✷✳✺✿

([K] − ω2[M ]) · ~u = 0 ✭✸✳✷✳✺✮

❚❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② f ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤

ω = 2π · f ✭✸✳✷✳✻✮

❛♥❞ r❡s✉❧ts ✐♥

f =
ω

2π
=

1

2π
·

√

[K]

[M ]
✭✸✳✷✳✼✮

❚❤❡ ❆♠♣❧✐t✉❞❡ ~u ❢r♦♠ ❡q✉❛t✐♦♥ ✸✳✷✳✺ ❝❛♥ ♦♥❧② ❜❡ ✉♥❡q✉❛❧ ③❡r♦ ✐❢✿

det
∣
∣[K] − ω2[M ]

∣
∣ = 0 ✭✸✳✷✳✽✮

❚❤❡ ✈❛❧✉❡s ❢♦r ω2 t❤❛t ♠❛❦❡ t❤❡ t❡r♠ ③❡r♦ ❛r❡ ❝❛❧❧❡❞ ❡✐❣❡♥✈❛❧✉❡s✳ ❇② ♣✉tt✐♥❣
t❤❡s❡ ❡✐❣❡♥✈❛❧✉❡s ✐♥t♦ ❡q✉❛t✐♦♥ ✸✳✷✳✼ t❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝✐❡s ❝❛♥ ❜❡ ❢♦✉♥❞✳

❖♥❝❡ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ♦❢ t❤❡ ❝❡♥tr❡ ♣❡❞❡st❛❧ ✇❛s ❝♦rr❡❝t❧② ❞❡t❡r♠✐♥❡❞
❛ ✜rst ❝❛❧❝✉❧❛t✐♦♥ ❡st✐♠❛t❡❞ ❛ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ♦❢ ❛❜♦✉t ✶✻❍③✳

❬❲✐❦✵✸❜❪ ❬❚▼✵✹❪ ❬❙❯❉✵✹❪ ❬❙t❡✵✼❪ ❬❲❙✵✻❪ ❬❘❛❛✵✻❪
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❋✐❣✉r❡ ✸✳✶✸✿ ❈♦♠♣❧❡t❡❞ ❋❊▼ ♠♦❞❡❧ ❜❡❢♦r❡ ♦♣t✐♠✐③❛t✐♦♥✳ ❚❤✐❝❦♥❡ss ✐s r❡♣r❡✲
s❡♥t❡❞ ❜② ❝♦❧♦✉r✳ ▲✐❣❤t ❜❧✉❡✿ ✶✷ ❧❛②❡r ♦❢ ✜❜r❡ ❣❧❛ss ♣r❡♣r❛❣❀ ❉❛r❦
❜❧✉❡✿ ✶✻ ❧❛②❡r ♦❢ ✜❜r❡ ❣❧❛ss ♣r❡♣r❛❣❀ P✐♥❦✿ s❛♥❞✇✐❝❤ str✉❝t✉r❡
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✸✳✷✳✷ ❖♣t✐♠✐③❛t✐♦♥

❋✐❣✉r❡ ✸✳✶✹✿ ❉✐s♣❧❛❝❡♠❡♥ts ✉♥❞❡r ✜rst ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ♦❢ ✷✻✳✸ ❍③ r❡♣r❡✲
s❡♥t❡❞ ❜② ❝♦❧♦✉r✳ ❘❡❞ r❡♣r❡s❡♥ts t❤❡ ❧❛r❣❡st ❞✐s♣❧❛❝❡♠❡♥t

❚❤❡ ❛✐♠ ✐s t♦ ♦♣t✐♠✐③❡ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ s♦ t❤❛t t❤❡ ✜rst ♠♦❞❡ ✐s
❛❜♦✈❡ ✷✻ ❍③ ✇✐t❤♦✉t ♣❛ss✐♥❣ ✶✸✳✺ ❦❣ ✐♥ str✉❝t✉r❛❧ ♠❛ss✳ ❚❤❡ str✉❝t✉r❛❧ ♠❛ss
✐s t❤❡ ✇❡✐❣❤t ♦❢ t❤❡ ❝❡♥tr❡ ♣❡❞❡st❛❧ ✇✐t❤♦✉t t❤❡ ✇❡✐❣❤t ♦❢ ❡❧❡❝tr✐❝❛❧ ❞❡✈✐❝❡s✳
❇② ❧♦♦❦✐♥❣ ❛t ❡q✉❛t✐♦♥ ✸✳✷✳✶ ❛❜♦✈❡✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t t❤❡ ❢r❡q✉❡♥❝② f ❝❛♥
❜❡ ✐♥❝r❡❛s❡❞ ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ r✐❣✐❞✐t② ❑ ♦r ❜② ❞❡❝r❡❛s✐♥❣ t❤❡ ♠❛ss ▼✳ ❚❤❡
♣r♦❝❡ss ♦❢ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡❡❞s ❛s ❢♦❧❧♦✇s✿ ❚❤❡ ✜rst ♦❜❥❡❝t✐✈❡ ✐s t♦ ✐♥❝r❡❛s❡
t❤❡ st✐✛♥❡ss ♦❢ t❤❡ str✉❝t✉r❡ s♦ t❤❛t t❤❡ ✜rst r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ✐s ❤✐❣❤❡r t❤❛♥
✷✻ ❍③✱ ♣r♦✈✐♥❣✱ t❤❛t ✐t ✐s ❣❡♥❡r❛❧❧② ♣♦ss✐❜❧❡ t♦ ♦❜t❛✐♥ s✉❝❤ ❛ ❧♦✇❡st r❡s♦♥❛♥t
❢r❡q✉❡♥❝②✳ ❖♥❝❡ t❤❡ ✷✻ ❍③ ❛r❡ ❛❝❤✐❡✈❡❞✱ t❤❡ s❡❝♦♥❞ ♦❜❥❡❝t✐✈❡ ✐s t♦ ❞❡❝r❡❛s❡ t❤❡
♠❛ss ✇✐t❤♦✉t ❞❡❝r❡❛s✐♥❣ t❤❡ ❛❝t✉❛❧ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝②✳ ❚❤❡ ❣✐✈❡♥ ♠❛t❡r✐❛❧s ❛r❡
❛❧✉♠✐♥✐✉♠ ✷✵✷✹ ❢♦r t❤❡ ♠❡t❛❧❧✐❝ ❢r❛♠❡✱ s❛♥❞✇✐❝❤ str✉❝t✉r❡ ❛♥❞ ❡✐t❤❡r ✶✷ ♦r ✶✻
❧❛②❡r ♦❢ ✜❜r❡ r❡✐♥❢♦r❝❡❞ ♣r❡♣r❛❣s✳ ❲❤❡r❡ ♠♦❞✐✜❝❛t✐♦♥s ❛r❡ ♠❛❞❡ t♦ ✐♥❝r❡❛s❡
st✐✛♥❡ss ♦r r❡❞✉❝❡ ✇❡✐❣❤t✱ ❥✉st t❤❡s❡ ♠❛t❡r✐❛❧s ❛r❡ ✉s❡❞ ❢♦r s✐♠♣❧✐❝✐t②✳ ■❢ s♦♠❡
st✉❝t✉r❡s ❛r❡ s❤♦✇♥ t♦ ❝♦♥t❛✐♥ ✷✹ ❧❛②❡rs ✐♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥✱ ✐t ✐s s✐♠♣❧② t✇✐❝❡
t❤❡ ✶✷ ❧❛②❡r✳ ❚❤✐s ❞♦❡s ♥♦t ❝♦♠♣❧✐❝❛t❡ t❤❡ ♠❛♥✉❢❛❝t✉r✐♥❣ ❛♥❞ ❦❡❡♣s t❤❡ ❝♦st
❧♦✇✳ ❚♦ ❦♥♦✇ ✇❤❛t ❡✛❡❝ts ♦♥ ✇❡✐❣❤t ❛♥❞ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ❛ ♠♦❞✐✜❝❛t✐♦♥ ❤❛s✱
❡✈❡r② ♠♦❞✐✜❡❞ ♠♦❞❡❧ ❤❛s t♦ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ ◆❆❙❚❘❆◆ ❛♥❞ ❛♥❛❧②s❡❞ ✇✐❤
P❆❚❘❆◆✳ ❊❛❝❤ ❝❛❧❝✉❧❛t✐♦♥ ✐♥ ♥♦r♠❛❧ ♠♦❞❡s t❛❦❡s ❛❜♦✉t ✸✵ ♠✐♥✉t❡s✳

✼✷
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❙t✐✛♥❡ss ✐♥❝r❡❛s❡

❲✐t❤ P❆❚❘❆◆ ❛s ♣♦st ♣r♦❝❡ss♦r ②♦✉ ❤❛✈❡ t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ✈✐s✉❛❧✐③❡ t❤❡ ❞❡✲
❢♦r♠❛t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡ ✉♥❞❡r ♦s❝✐❧❧❛t✐♦♥ ♦❢ t❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝✐❡s✳ ■t ✐s
♣♦ss✐❜❧❡ t♦ ✈✐❡✇ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❛t ❛♥② t✐♠❡ ♦❢ ♦♥❡ ♦s❝✐❧❧❛t✐♦♥ ♣❡r✐♦❞ ❜❡t✇❡❡♥
③❡r♦ ❛♥❞ 2π✳ ❆ ✈❡r② ❤❡❧♣❢✉❧ ❢❡❛t✉r❡ ✐s ✧❛♥✐♠❛t❡✧✳ ✧❆♥✐♠❛t❡✧ str✐♥❣s t♦❣❡t❤❡r
t❤❡ ❞✐✛❡r❡♥t ❞❡❢♦r♠❛t✐♦♥s ✐♥ ❛ ✇❛② t❤❛t t❤❡② ❜❡❝♦♠❡ ❛ ♠♦✈❡♠❡♥t ✇❤✐❝❤ r❡✲
♣❡❛ts ♦✈❡r ❛♥❞ ♦✈❡r✳ ❆ ♣✐❝t✉r❡ ♦❢ ❛♥ ❛♥✐♠❛t✐♦♥ ✐s s❤♦✇♥ ♦♥ ✜❣✉r❡ ✸✳✶✷✳ ❚❤✐s
❢❡❛t✉r❡ ❛ss✐sts t❤❡ ❝♦♠♣r❡❤❡♥s✐♦♥ ♦❢ ❤♦✇ t❤❡ str✉❝t✉r❡ ❜❡❤❛✈❡s ✉♥❞❡r ✈✐❜r❛✲
t✐♦♥s✳ ❊✈❡r② ❛♥t✐♥♦❞❡ ✐s ✈✐s✐❜❧❡ ❛♥❞ t❤❡ s✇✐♥❣✐♥❣ ❢♦r♠ ✐s ♠✉❝❤ ❝❧❡❛r❡r t❤❛♥ ✐♥
❛ ❝♦❧♦✉r❡❞ ♣✐❝t✉r❡ ✭s❡❡ ✜❣✉r❡ ✸✳✶✹✮✳

❋✐❣✉r❡ ✸✳✶✺✿ ❈r✐t✐❝❛❧ ③♦♥❡

Model01 ✲ t❤✐❝❦❡♥ ❢r♦♥t ❝♦r♥❡rs ❇② ♦❜s❡r✈✐♥❣ t❤❡ ♠♦✈❡♠❡♥t ✐t ✐s ✐♠♣♦rt❛♥t
t♦ s❡❡ ✇❤❡r❡ t❤❡ ❜✐❣❣❡st ❛♥t✐♥♦❞❡s ❛r❡ ❛♥❞ ❤♦✇ t❤❡② ❝❛♥ ❜❡ r❡❞✉❝❡❞✳ ❋✐❣✉r❡s
✸✳✶✷ ❛♥❞ ✸✳✶✹ s❤♦✇ t❤❛t ✉♥❞❡r ✜rst ♠♦❞❡ t❤❡ ✉♣♣❡r ♣❛rt ♦❢ t❤❡ str✉❝t✉r❡ ♠❛❦❡s
t❤❡ ❜✐❣❣❡st ❞✐s♣❧❛❝❡♠❡♥ts✳ ❖♥ t❤❡ ❧♦✇❡r ♣❛rt ♦❢ t❤❡ str✉❝t✉r❡✱ ✇❤❡r❡ t❤❡ ✜①✐♥❣s
❛r❡✱ ✐s t❤❡ ❧❡❛st ❞✐s♣❧❛❝❡♠❡♥t✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s t❤❡ ❡ss❡♥t✐❛❧ ♣❛rt s✐♥❝❡ ✐t ✐s t❤❡
❧♦✇❡r ♣❛rt t❤❛t ❛❧❧♦✇s t❤❡ ✉♣♣❡r ♣❛rt t♦ ♠♦✈❡✳ ❚❤✉s✱ t♦ ✐♥❝r❡❛s❡ t❤❡ ♥❛t✉r❛❧
❢r❡q✉❡♥❝② t❤❡ r✐❣✐❞✐t② ♦❢ t❤❡ ❝❡♥tr❡ ♣❡❞❡st❛❧✬s ❧♦✇❡r ♣❛rt s❤♦✉❧❞ ❜❡ ✐♥❝r❡❛s❡❞✳
❋✐❣✉r❡ ✸✳✶✺ r✐❣❤t s❤♦✇s ❛ ❞✐st♦rt✐♦♥ ✇❡r❡ t❤❡ ✜①✐♥❣ ✐s✱ s♦ t❤✐s ❛r❡❛ ❝♦✉❧❞ ❜❡
st✐✛❡♥❡❞ ❜② ❛❞❞✐♥❣ ❛❞❞✐t✐♦♥❛❧ ❧❛②❡r ♦❢ ✜❜❡r ❣❧❛ss ♣r❡♣r❛❣s✳ ❋✉rt❤❡r♠♦r❡ t❤❡
str✉❝t✉r❡ ❛r♦✉♥❞ t❤❡ ❧♦✇❡r ❢r♦♥t ✇✐♥❞♦✇ s❤♦✇s ❧✐❦❡✇✐s❡ ❛ ❞✐st♦rt✐♦♥✳ ❚❤✐s
❛r❡❛ ❝♦✉❧❞ ❜❡ st✐✛❡♥❡❞ t♦♦✳ ❆♥♦t❤❡r ♦✉tst❛♥❞✐♥❣ ❛r❡❛ ✐s t❤❡ ❥✉t ❛❜♦✈❡ t❤❡
✇✐♥❞♦✇s✳ ❚❤❡r❡✱ ❛♥ ❛❞❞✐t✐♦♥❛❧ s✉♣♣♦rt str✉❝t✉r❡ ✐♥ ❢♦r♠ ♦❢ ❛ ✈❡rt✐❝❛❧ tr✐❛♥❣❧❡
✇♦✉❧❞ r❡❞✉❝❡ t❤❡ ❜✉❝❦❧✐♥❣✳ ❇✉t ✇✐t❤ t❤❡ ✐♥t❡♥t✐♦♥ t♦ ❝❤❛♥❣❡ t❤❡ ❞❡s✐❣♥ ❛s
❧✐tt❧❡ ❛s ♣♦ss✐❜❧❡ ♦♥ t❤❡ ✈✐❡✇❛❜❧❡ ♦✉t❡r s✐❞❡✱ t❤✐s ❛r❡❛ ✐s ❥✉st t❤✐❝❦❡♥❡❞ ✭s❡❡
✜❣✉r❡ ✸✳✶✻✮✳ ❚♦ ❣❡t ❛ ✜rst ✐❞❡❛ ♦❢ t❤❡ ❝♦♥s❡q✉❡♥❝❡s t❤✐❝❦❡♥✐♥❣ t❤✐s ❛r❡❛✱ t❤❡
♥✉♠❜❡r ♦❢ ❧❛②❡rs ✐s ❞♦✉❜❧❡❞ t♦ ✷✹ ❧❛②❡rs✳
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❋✐❣✉r❡ ✸✳✶✻✿ ❘✐❣✐❞✐t② ✐♥❝r❡❛s❡♠❡♥t ❜② ❛❞❞✐♥❣ s❡✈❡r❛❧ ❧❛②❡r

❚❤❡ ❝❤❛♥❣❡s ❛✛❡❝t ❛♥ ✐♥❝r❡❛s❡♠❡♥t ✐♥ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ♦❢ ✹✳✵✷✺ ❍③✱ ❢r♦♠
✶✻✳✶✵✷ ❍③ t♦ ✷✵✳✶✷✼ ❍③✳ ❆❢t❡r t❤❡s❡ ❝❤❛♥❣❡s t❤❡ ❝r✐t✐❝❛❧ ③♦♥❡ ❜❡❤❛✈❡s t❤❡
s❛♠❡ ❜✉t ✇✐t❤ s♠❛❧❧❡r ❛♠♣❧✐t✉❞❡s✳

Model02 ✲ ✇✐♥❞♦✇ s✉♣♣♦rt str✉❝t✉r❡ ❆♥♦t❤❡r ❡✛♦rt t♦ r❡❞✉❝❡ t❤❡ ❜✉❝❦❧❡
♥❡❛r t❤❡ ✇✐♥❞♦✇ ✭s❡❡ ✜❣✉r❡ ✸✳✶✺ r✐❣t❤✮ ✐s t♦ ❤❛r❞❡♥ t❤❡ ③♦♥❡ ❜② ❛❞❞✐♥❣ ❛
s✉♣♣♦rt str✉❝t✉r❡ ❛r♦✉♥❞ t❤❡ ✇✐♥❞♦✇s ✭s❡❡ ✜❣✉r❡ ✸✳✶✼✮✳ ❚❤✐s ❝♦♥✜❣✉r❛t✐♦♥
✐♥❝r❡❛s❡❞ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❢r❡q✉❡♥❝② ♦❢ ✵✳✶✽✾ ❍③ ❢r♦♠ ✶✻✳✶✵✷ ❍③ t♦ ✶✻✳✷✾✶
❍③✳

❋✐❣✉r❡ ✸✳✶✼✿ ▲❡❢t✿ Modification02 ✲ ❛❞❞✐♥❣ ❛ ✇✐♥❞♦✇ s✉♣♣♦rt str✉❝t✉r❡❀ ❘✐❣❤t✿
Model04 ✲ t❤✐❝❦❡♥ ❜♦tt♦♠ ♣❛rt
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✸✳✷ ▼♦❞❛❧ ❛♥❛❧②s✐s

Model03 ✲ t❤✐❝❦❡♥ ❝❛♥✈❛s ◆♦✇ t❤❛t t❤❡ ❢r♦♥t ✐s ♠♦r❡ r✐❣✐❞✱ t❤❡ ❜✐❣❣❡st
♠♦✈❡♠❡♥ts ♦❢ t❤❡ ✉♣♣❡r str✉❝t✉r❡ ❝❤❛♥❣❡❞ ❢r♦♠ t❤❡ ❢r♦♥t ♠♦r❡ ✐♥ t❤❡ ♠✐❞❞❧❡
✐♥ ① ❞✐r❡❝t✐♦♥ ✭s❡❡ ✜❣✉r❡ ✸✳✶✽✮✳ ❚❤❛t ♠❡❛♥s t❤❛t t❤❡ ❝❛♥✈❛s ❤❛s t♦ s✉♣♣♦rt
♠♦r❡ str❡ss ✇❤✐❝❤ ✐s ♣r♦✈♦❦❡❞ ❜② t❤❡ s✇✐♥❣✐♥❣ ♠❛ss ♦❢ t❤❡ ❡❧❡❝tr✐❝❛❧ ❞❡✈✐❝❡s✳
❆s r❡s✉❧t ♦❢ t❤✐s ❝♦❣♥✐t✐♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣❧② ♦❢ t❤❡ ❝❛♥✈❛s ✐♥❝r❡❛s❡❞ ❢r♦♠ ✶✷
t♦ ✶✻✳ ❖♥ t❤❡ ✉♥♠♦❞✐✜❡❞ ♠♦❞❡❧ t❤✐s ❝❤❛♥❣❡ ❜r♦✉❣❤t ❛♥ ✐♥❝r❡❛s❡ ♦❢ ✵✳✶✻✾ ❍③
✉♣ t♦ ✶✻✳✷✼✶ ❍③ ❜✉t ♦♥ t❤❡ model01 t❤❡ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ✐♥❝r❡❛s❡❞ ♦❢ ✵✳✹✶✷
❍③ ❢r♦♠ ✷✵✳✶✷✼ ❍③ t♦ ✷✵✳✺✸✾ ❍③✳

❋✐❣✉r❡ ✸✳✶✽✿ ❚❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ♦❢ ❛♥ ❛✐r❝r❛❢t ✐s ♦♥ t❤❡ t✐♣ ♦❢
✐ts ♥♦s❡

Model04 ✲ t❤✐❝❦❡♥ ❜♦tt♦♠ ♣❛rt ❚❤❡ ❢r❡q✉❡♥❝② ✐♥❝r❡❛s❡ ♦❢ Model03 ✐s ♥♦t
❡♥♦✉❣❤✳ ❚♦ ❜❡ ♠♦r❡ ❡✛❡❝t✐✈❡ t❤❡ ✇❤♦❧❡ ❜♦tt♦♠ str✉❝t✉r❡ ✐s ✉♣❞❛t❡❞ t♦ ✷✹
♣❧② ♦❢ ✜❜r❡ ❣❧❛ss ♣r❡♣r❛❣s ✭s❡❡ ✜❣✉r❡ ✸✳✶✼✮✳ ❚❤✐s ♠♦❞✐✜❝❛t✐♦♥ ❛❞❞❡❞ ✶✳✷✼✵ ❍③
❝♦♠♣❛r❡❞ t♦ Model03 ❛♥❞ r❡s✉❧t❡❞ ✐♥ ❛ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ♦❢ ✷✶✳✽✵✾ ❍③✳ ❙t✐❧❧
♥♦t s✉✣❝✐❡♥t✳

Model05 ✲ t❤✐❝❦❡♥ s✐❞❡ ♣❛rts ❚❤❡ ♠❛✐♥ str✉❝t✉r❡ ✇✐t❤♦✉t ♠❡t❛❧❧✐❝ ❢r❛♠❡
❛♥❞ ❝❛♥✈❛s r❡♠✐♥❞s ❛ ❜✐t ♦❢ ❛ ❤✉❧❧ ♦❢ ❛ s❤✐♣✳ ❯s✉❛❧❧② ❤✉❧❧s ✇❡r❡ r❡✐♥❢♦r❝❡❞ ❜②
s❡♠✐❝✐r❝❧❡ r✐❜s ✭s❡❡ ✜❣✉r❡ ✸✳✶✾✮✳ ❚❤❡s❡ r✐❜s ❢✉♥❝t✐♦♥ ❛s st✐✛❡♥❡rs✳ ❇② ❛❞❞✐♥❣
❧❛②❡r ♦❢ ✜❜r❡ ❣❧❛ss ♣r❡♣r❛❣s t❤❡ ✇❛② ✜❣✉r❡ ✸✳✶✾ s❤♦✇s✱ t❤✐s ❝♦♥str✉❝t✐♦♥ ♣r✐♥✲
❝✐♣❧❡ ✐s ✐♠✐t❛t❡❞✳ ❚❤❡ ❣r❡❡♥ ❡❧❡♠❡♥ts ❛rr❛♥❣❡❞ ✈❡rt✐❝❛❧② ♦♥ ✜❣✉r❡ ✸✳✶✾ ❤❛✈❡ ❛
t❤✐❝❦♥❡ss ♦❢ ✷✹ ♣r❡♣r❛❣s ❛♥❞ r❡♣r❡s❡♥t t❤❡ st✐✛❡♥❡rs✳ ❚❤✐s ✐♠✐t❛t✐♦♥ ♣❡r♠✐ts
t♦ ❛✉❣♠❡♥t f ♦❢ ✷✳✷✽✾ ❍③ ❝♦♠♣❛r❡❞ t♦ Model04✳ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❢r❡q✉❡♥❝②
✐s ✷✹✳✵✾✽ ❍③✳

✼✺
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❋✐❣✉r❡ ✸✳✶✾✿ ▲❡❢t✿ ❙❡♠✐❝✐r❝❧❡ r✐❜s ✐♥ t❤❡ ❤✉❧❧ ♦❢ ❛ s❤✐♣ t❤❛t ❢✉♥❝t✐♦♥ ❛s st✐✛❡♥❡rs❀
❘✐❣❤t✿ Model05✿ ■♠✐t❛t✐♦♥ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ❤✉❧❧

Model06 ✲ ❛❞❞✐t✐♦♥❛❧ ✜①✐♥❣s ❛s ❛♥ ♦♣t✐♦♥ ❖♥❡ ♦♣t✐♦♥ ❝♦✉❧❞ ❜❡ t♦ ❛❞❞
t✇♦ ✜①✐♥❣s ♦♥ t❤❡ ✢♦♦r ✭s❡❡ ✜❣✉r❡ ✸✳✷✶✮✳ ❚✇♦ ♠♦r❡ ✜①✐♥❣s ✇♦✉❧❞ r❡❞✉❝❡ t❤❡
♠♦✈❡♠❡♥t ♦❢ t❤❡ ❧♦✇❡r ♣❛rt ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♠♦✈❡♠❡♥t ♦❢
t❤❡ ✉♣♣❡r ♣❛rt✳ ❚❤✐s ♠♦❞✐✜❝❛t✐♦♥ ❤❛s t♦ ❜❡ ❛✉t❤♦r✐s❡❞ ❜② ❆✐r❜✉s✳ ❚❤❡r❡❢♦r❡✱
✐t ❝♦✉❧❞ ❜❡ ❛ s♦❧✉t✐♦♥ ❜✉t s❤♦✉❧❞ ❜❡ ❛✈♦✐❞❡❞ ✐❢ ♣♦ss✐❜❧❡✳ ❆♥②❤♦✇✱ ✐t ✐s ❛♥ ♦♣t✐♦♥
❛♥❞ ❜② ❝❤❡❝❦✐♥❣ ✐t✱ ✐t ❜r♦✉❣❤t ❛♥ ✐♥❝r❡❛s❡ ♦❢ ✷✳✻✷✹ ❍③ ❝♦♠♣❛r❡❞ t♦ Model05
❛♥❞ s❤♦✇s ❛ ❢✉♥❞❛♠❡♥t❛❧ ❢r❡q✉❡♥❝② ♦❢ ✷✻✳✼✷✷ ❍③✳ ❚❤❡ ✜①✐♥❣s ✇❡r❡ ♣❧❛❝❡❞ ♦♥
t❤❡ ❛r❡❛ ✇✐t❤ t❤❡ ❜✐❣❣❡st ♦s❝✐❧❧❛t✐♦♥ ✭s❡❡ ✜❣✉r❡ ✸✳✷✵✮✳

❲✐t❤ t❤✐s ♠♦❞✐✜❝❛t✐♦♥ t❤❡ ♦❜❥❡❝t✐✈❡ t♦ r❡❛❝❤ ✷✻ ❍③ ✐s ❛❝❤✐❡✈❡❞✳ ◆♦✇ ✐t ✐s
♣r♦✈❡♥ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡❛❝❤ s✉❝❤ ❛ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝②✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡
♥❡①t st❡♣✱ t❤❡ ♠❛ss r❡❞✉❝t✐♦♥✳

▼❛ss r❡❞✉❝t✐♦♥

Model05 ❛♥❞ Model06 ❛r❡ ♠♦❞❡❧s ✇✐t❤ ✸✹✷✵✽ ◆♦❞❡s ❛♥❞ ✸✶✽✾✺ ❊❧❡♠❡♥ts✳ ❚❤❡
✇❤♦❧❡ ❝❡♥tr❡ ♣❡❞❡st❛❧ ✭✐♥❝❧✉❞❡❞ ❡❧❡❝tr♦♥✐❝❛❧ ❞❡✈✐❝❡s✮ ✇❡✐❣❤s ✺✼✳✶✺✸ ❦❣✳ ❚❤❡
♠❛ss ♦❢ t❤❡ ❡❧❡❝tr♦♥✐❝❛❧ ❞❡✈✐❝❡s ✐s ✹✶✳✻✻✸ ❦❣ s♦ t❤❡ str✉❝t✉r❡ ✇❡✐❣❤ts ✶✺✳✹✾✵
❦❣ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ✶✳✾✾✵ ❦❣ ❤❛✈❡ t♦ ❜❡ r❡❞✉❝❡❞✳ ❆♥❞ ❛t t❤❡ s❛♠❡ t✐♠❡ t❤❡
♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ❤❛s t♦ ❜❡ ❛❜♦✈❡ ✷✻ ❍③✳

Model07 ✲ ♥❡✇ ❜♦tt♦♠ str✉❝t✉r❡ ❚❤❡ ✧❛♥✐♠❛t❡✧ ♠♦❞❡ s❤♦✇s t❤❛t ❡✈❡♥
✇✐t❤ t❤❡ ❝❤❛♥❣✐♥❣ ♦♥ Model04✱ ❜② t❤✐❝❦❡♥✐♥❣ t❤❡ ❜♦tt♦♠ ♣❛rt✱ ✐t ✐s st✐❧❧ t♦♦

✼✻



✸✳✷ ▼♦❞❛❧ ❛♥❛❧②s✐s

❋✐❣✉r❡ ✸✳✷✵✿ ▼♦✈❡♠❡♥t ✉♥❞❡r ✜rst ♥❛t✉r❛❧ ❢r❡q✉❡♥❝②❀ ❚♦♣✿ −π❀ ❈❡♥tr❡✿ ✵❀
❉♦✇♥✿ π

✢❡①✐❜❧❡✳ ❊s♣❡❝✐❛❧❧② t❤❡ str✉❝t✉r❡ ✉♥❞❡r t❤❡ ❧♦♥❣ ✇✐♥❞♦✇s ✭s❡❡ ✜❣✉r❡ ✸✳✷✵✮
s❤♦✇s ❛ r❡♠❛r❦❛❜❧❡ ❞❡❢♦r♠❛t✐♦♥✳ ❚❤❡ ❜✐❣❣❡st ❞❡❢♦r♠❛t✐♦♥ ✐s ♦♥ t❤❡ ❤♦r✐③♦♥t❛❧
♣❧❛♥❡ ♦❢ t❤❡ ❝❛♥✈❛s✳ ❇❡t✇❡❡♥ t❤✐s ♣❧❛♥❡ ❛♥❞ t❤❡ ❢r♦♥t ❡❞❣❡s ✐s ♥♦ ❣r❡❛t ❞✐st❛♥❝❡
s♦ ♣❡r❤❛♣s ✐❢ t❤❡② ✇❡r❡ ❝♦♥♥❡❝t❡❞ t♦❣❡t❤❡r ❜② ❛ ♣❧❛♥❡ s✉r❢❛❝❡✱ t❤❡ ♠♦✈❡♠❡♥ts
❝♦✉❧❞ ❜❡ r❡❞✉❝❡❞ t❤❛t ✇❛②✱ ✐♥st❡❛❞ ♦❢ ❛❞❞✐♥❣ t✇♦ ✜①✐♥❣s✳ ❚❤❡ s❛♠❡ ❝♦✉❧❞
❜❡ ❞♦♥❡ ❢r♦♠ t❤❡ ♦t❤❡r s✐❞❡ ❜✉t t♦ ❦❡❡♣ t❤❡ ✇❡✐❣❤t ❧♦✇✱ str✉❝t✉r❡ ✇❛s ♦♥❧②
❛❞❞❡❞ ♥❡❛r t❤❡ ❝♦r♥❡rs ✭s❡❡ ✜❣✉r❡ ✸✳✷✶ r✐❣❤t✮✳ ❚❤✐s ❡♥❛❜❧❡s ❡♠❜❡❞❞✐♥❣ t✇♦
❝♦♥t✐♥✉♦✉s ❧♦♥❣✐t✉❞✐♥❛❧ st✐✛❡♥❡rs ✐♥ ① ❞✐r❡❝t✐♦♥✳ ❆❧s♦ ✐♥ ② ❞✐r❡❝t✐♦♥ ❛r❡ t✇♦
st✐✛❡♥❡rs✱ s♦ ❛❧❧ ❛r♦✉♥❞ t❤❡ ♥❡✇ r❡❝t❛♥❣✉❧❛r ❤♦❧❡ ✐♥ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ❛r❡
st✐✛❡♥❡rs✳ ✾✵➦ ❝♦r♥❡rs ❝❛♥ ❜✉❝❦❧❡ ❡❛s✐❡r t❤❛♥ r♦✉♥❞❡❞ ❡❞❣❡s✳ ❇✉t ✐♥st❡❛❞ ♦❢
❝r❡❛t✐♥❣ r♦✉♥❞❡❞ ❡❞❣❡s✱ ❡❛❝❤ ❝♦r♥❡r ✐s r❡♣❧❛❝❡❞ ❜② t✇♦ ✹✺➦ ❡❞❣❡s✳ ❚❤✐s ❜r✐♥❣s
♥❡❛r❧② t❤❡ s❛♠❡ ❡✛❡❝t ❛♥❞ ✐s ❢❛st❡r t♦ ❝r❡❛t❡ ✉♥❞❡r P❆❚❘❆◆✳

❲✐t❤ ✷✺✳✺✶✸ ❍③ t❤❡ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ♦❢ Model07 ✐s ✶✳✹✶✺ ❍③ ❤✐❣❤❡r t❤❛♥
Model05✳ ❚❤❡ ✇❡✐❣❤t ♦❢ ✐ts str✉❝t✉r❡ ✐s ✶✻✳✵✸✵ ❦❣✳
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❋✐❣✉r❡ ✸✳✷✶✿ ▲❡❢t✿ Model06 ✲ t✇♦ ❛❞❞✐t✐♦♥❛❧ ✜①✐♥❣s❀ ❘✐❣❤t✿ Model07 ✲ ♥❡✇
❜♦tt♦♠ s✉r❢❛❝❡

Model08 ✲ t❤✐❝❦♥❡ss r❡❞✉❝t✐♦♥ ❚♦ r❡❞✉❝❡ ✇❡✐❣❤t✱ t❤✐❝❦♥❡ss ✐s r❡❞✉❝❡❞ ❛❧❧
♦✈❡r t❤❡ ❜♦tt♦♠ ♣❛rt ❛r♦✉♥❞ t❤❡ ❝r✐t✐❝❛❧ ③♦♥❡✱ t❤❡ ✈❡rt✐❝❛❧ s✐❞❡ ♣❛rts ❛♥❞
t❤❡ ❝♦r♥❡rs ❜❡❝❛✉s❡ t❤❡s❡ ❛r❡ ③♦♥❡s ✇❤❡r❡ ❧♦❝❛❧ st✐✛♥❡ss ✐s ❡ss❡♥t✐❛❧ ❢♦r ❣❧♦❜❛❧
st✐✛♥❡ss✳ ❇② t❤✐s ♠♦❞✐✜❝❛t✐♦♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❢r❡q✉❡♥❝② ❢❡❧❧ ❢r♦♠ ✷✺✳✺✶✸ ❍③
t♦ ✷✺✳✷✺✽ ❍③ ❜✉t ❛❧s♦ t❤❡ ✇❡✐❣❤t ❢❡❧❧ ❜② ✽✹✵ ❣✳

Model09 ✲ s❦❡✇ ❜❡✈❡❧ s✉r❢❛❝❡ ❆♥♦t❤❡r ❝❤❛♥❣❡ ✐s t❤❛t t❤❡ r❡❝t❛♥❣✉❧❛r s❦❡✇
❜❡✈❡❧ s✉r❢❛❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❡❞❣❡s ✐s r❡♣❧❛❝❡❞ ❜② s❛♥❞✇✐❝❤ str✉❝t✉r❡ ✇❤✐❝❤
❤❛s ❛ ❧♦✇❡r ❞❡♥s✐t②✳ ❚❤✐s s❛✈❡s ✾✵ ❣r❛♠♠s ❛♥❞ ✐♥❝r❡❛s❡s t❤❡ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝②
❜② ✵✱✵✻✺ ❍③✳

Model10 ✲ ❛❞❛♣t✐♦♥ ♦❢ str✉❝t✉r❡ ❙❛♥❞✇✐❝❤ ❝❛♥ ❛❧s♦ ❜❡ ❛♣♣❧✐❡❞ ♦♥ ♦t❤❡r
❛r❡❛s✳ ❋✐①✐♥❣s ✐♥ s❛♥❞✇✐❝❤ ♣❛♥❡❧s ❛r❡ ♣♦ss✐❜❧❡ ❜✉t ✜①✐♥❣s ✐♥ ♣✉r❡ ✜❜r❡ ❣❧❛ss
♣r❡♣r❛❣s ❛r❡ ❡❛s✐❡r t♦ ✐♥st❛❧❧✳ ❚❤❡ ❢r♦♥t s✐❞❡ ❛♥❞ ♣❛rts ♦❢ t❤❡ s✐❞❡ str✉❝t✉r❡
❛r❡ r❡♣❧❛❝❡❞ ❜② s❛♥❞✇✐❝❤ ♣❛♥❡❧s✳ ❖t❤❡r ❛r❡❛s ❛r❡ r❡❞✉❝❡❞ ✐♥ t❤✐❝❦♥❡ss✱ ❡✳❣✳
t❤❡ ❜♦tt♦♠ ♣❛rt ♦❢ t❤❡ ❜♦✇✱ t❤❡ s✐❞❡ ♣❛rts ❛♥❞ t❤❡ ♠❡t❛❧❧✐❝ ❢r❛♠❡✳ ❚❤❡ ❝❛♥✈❛s
✇❛s r❡✐♥❢♦r❝❡❞ ♦♥ t❤❡ ❛r❡❛s ✇❤❡r❡ t❤❡ ♠❛✐♥ str❡ss ✐s s❡❡♥✳ ❚❤❡ ❜♦r❞❡rs ❛r❡
r❡✐♥❢♦r❝❡❞ ❜② ❛❞❞✐t✐♦♥❛❧ ♣❧②s ❛♥❞ t❤❡ ✉♣♣❡r ❜♦r❞❡r ❛r♦✉♥❞ t❤❡ ♠❡t❛❧❧✐❝ ❢r❛♠❡
✐s r❡❞✉❝❡❞ ✐♥ ❤❡✐❣❤t✳ ❆❧❧ t❤❡s❡ ❝❤❛♥❣❡s ❧❡❛❞ t♦ ❛ ♠♦❞❡❧ t❤❛t ❤❛s ❛ ♥❛t✉r❛❧
❢r❡q✉❡♥❝② ♦❢ ✷✻✱✸✻✸ ❍③ ❛♥❞ ❛ str✉❝t✉r❛❧ ✇❡✐❣❤t ♦❢ ✶✸✱✺✸ ❦❣

❚❤❡ ♦♣t✐♠✐③❛t✐♦♥ ❡♥❞s ❤❡r❡ ❜❡❝❛✉s❡ t❤❡ ♦❜❥❡❝t✐✈❡s ❛r❡ ❛❝❤✐❡✈❡❞✳
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✸✳✸ ❙t❛t✐❝ ❛♥❛❧②s❡s

✸✳✸ ❙t❛t✐❝ ❛♥❛❧②s❡s

❚♦ ❛ss✉r❡ t❤❛t t❤❡ ❝r❡❛t❡❞ ♠♦❞❡❧ ✐s ❛❧s♦ ❝❛♣❛❜❧❡ ♦❢ s✉♣♣♦rt✐♥❣ ❛❧❧ ❞✐✛❡r❡♥t
st❛t✐❝ ❧♦❛❞ ❝❛s❡s ❣✐✈❡♥ ❜② ❆✐r❜✉s ✭s❡❡ ✜❣✉r❡ ✸✳✷✷✮✱ t❤❡ ♠♦❞❡❧ ✐s ❝❤❡❝❦❡❞ ❢♦r ❛❧❧
✹✷ ❧♦❛❞ ❝❛s❡s✳ ❚❤❡ ❧♦❛❞ ❝❛s❡s ❛r❡ ❛❝❝❡❧❡r❛t✐♦♥s ✐♥ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s ✇❤✐❝❤
t❤❡ str✉❝t✉r❡ ♠✉st r❡s✐st t♦✳

❋✐❣✉r❡ ✸✳✷✷✿ ❙t❛t✐❝ ❧♦❛❞s ♣r❡❞✐❝t✐♦♥ ❢r♦♠ ❆✐r❜✉s

❚❤❡r❡ ❛r❡ t❤r❡❡ ❦✐♥❞s ♦❢ ❝❤❡❝❦s t❤❛t ❤❛✈❡ t♦ ❜❡ ❞♦♥❡✳ ❚❤❡ ♠❡t❛❧❧✐❝ ❢r❛♠❡ ❤❛s
t♦ ❜❡ ❝❤❡❝❦❡❞ ✇✐t❤ t❤❡ ✈♦♥ ▼✐s❡s ❡q✉❛t✐♦♥✱ t❤❡ ✜❜r❡ ❣❧❛ss ♣r❡♣r❛❣s ❤❛✈❡ t♦ ❜❡
❝❤❡❝❦❡❞ ✇✐t❤ t❤❡ ❍✐❧❧ ❝r✐t❡r✐♦♥ ❛♥❞ t❤❡ s❤❡❛r str❡ss❡s ✐♥ t❤❡ ❤♦♥❡②❝♦♠❜ ❧❛②❡r
❤❛✈❡ t♦ ❜❡ ❝❤❡❝❦❡❞✱ t♦♦✳

✸✳✸✳✶ ❱♦♥ ▼✐s❡s

❚❤❡ ♠❡t❛❧❧✐❝ ❢r❛♠❡ ✐s ❝❤❡❝❦❡❞ ❜② t❤❡ ❱♦♥ ▼✐s❡s ❛♥❛❧②s✐s✳ ❚❤❡ ✈❡r✐✜❝❛t✐♦♥ ♦❢
❛❧❧ ❧♦❛❞ ❝❛s❡s ♣r♦✈❡ t❤❛t t❤❡ ♠❡t❛❧❧✐❝ ❢r❛♠❡ r❡s✐sts t♦ ❛❧❧ ❧♦❛❞ ❝❛s❡s✳ ❋✐❣✉r❡
✸✳✷✸ s❤♦✇s t❤❡ str❡ss❡s ♦❢ t❤❡ ✧❋❧✐❣❤t ✫ ●r♦✉♥❞ ✲ ❉♦✇♥✧ ❧♦❛❞ ❝❛s❡✳ ❚❤❡ s❝❛❧❡
♦♥ t❤❡ ❧❡❢t s✐❞❡ ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ♠❛①✐♠✉♠ str❡ss ✐s ❛❜♦✉t ✸✽✳✻ ▼P❛✳ ❚❤❡
σallowable ♦❢ ❛❧✉♠✐♥✐✉♠ ✐s ♠♦r❡ t❤❛♥ ✹✵✵ ▼P❛ s♦ t❤❡r❡ ✐s ♥♦ r✐s❦ ♦❢ ❜r❡❛❦❛❣❡✳
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✸✳✸ ❙t❛t✐❝ ❛♥❛❧②s❡s

❋✐❣✉r❡ ✸✳✷✸✿ ❱♦♥ ▼✐s❡s ✈❡r✐✜❝❛t✐♦♥ ♦♥ t❤❡ ♠❡t❛❧❧✐❝ ❢r❛♠❡

❇② ❝❤❡❝❦✐♥❣ t❤❡ ❝♦♠♣♦s✐t❡ ✇✐t❤ t❤❡ ❱♦♥ ▼✐s❡s ❛♥❛❧②s✐s✱ ✐t t✉r♥s ♦✉t t❤❛t
t❤❡ ♠❛①✐♠✉♠ str❡ss ✐s ✶✻✹ ▼P❛ ♦♥ t❤❡ ✧❋●✲❯▲ ❉♦✇♥✧ ❧♦❛❞ ❝❛s❡ ✇❤❡r❡ t❤❡
str✉❝t✉r❡ ❤❛s t♦ s✉♣♣♦rt ✶✶✳✵✻ t✐♠❡s ✐ts ♦✇♥ ✇❡✐❣❤t ✭s❡❡ ✜❣✉r❡ ✸✳✷✹✮✳ ❙♦ t❤❡r❡
✐s ♥♦ r✐s❦ ❢♦r t❤❛t ❜❡❝❛✉s❡ t❤❡ ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛❧s ❝❛♥ s✉♣♣♦rt ❛t ❧❡❛st ✸✺✵
▼P❛ ✐♥ ❝♦♠♣r❡ss✐♦♥ ✭❛♥❞ ✸✺✺ ▼P❛ ✐♥ t❡♥s✐♦♥✮✳ ❇✉t t❤❡ s❤❡❛r str❡ss❡s ❤❛✈❡ t♦
❜❡ ❝❤❡❝❦❡❞✱ t♦♦✳ ❚❤✐s ✐s ❞♦♥❡ ✇✐t❤ t❤❡ ❍✐❧❧ ❝r✐t❡r✐♦♥✳

✸✳✸✳✷ ❍✐❧❧ ❝r✐t❡r✐♦♥

❚❤❡ ❍✐❧❧ ❝r✐t❡r✐♦♥ ✈❡r✐✜❡s ❛❧❧ t❤❡ ♣❧② t❤❛t ❝♦♠♣♦s❡s ❛ P❈❖▼P ❝♦♠♣♦s✐t❡ ♠❛✲
t❡r✐❛❧✳ ❚❤❡ ❍✐❧❧ ❝r✐t❡r✐♦♥ ❝♦♥s✐❞❡rs ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❢❛✐❧✉r❡ str❡♥❣t❤s✳

❚❤❡ ❢❛✐❧✉r❡ ✐♥❞❡① ✐s ❝❛❧❝✉❧❛t❡❞ ❛s ❢♦❧❧♦✇❡❞✿
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✸✳✸ ❙t❛t✐❝ ❛♥❛❧②s❡s

FailureIndex = h2 = (
σl

Rl

)2 + (
σt

Rt

)2 + (
τlt

S
)2
−

σl · σt

(Rl)2
✭✸✳✸✳✾✮

❲❤❡r❡✿

❼ Rl ✐s t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ str❡♥❣t❤ ♦❢ t❤❡ ✉♥✐❞✐r❡❝t✐♦♥❛❧ ❧❛②❡r ✐♥ t❡♥s✐♦♥ ✐❢ σl

❂ ✵✱ ✐♥ ❝♦♠♣r❡ss✐♦♥ ✐❢ σl ❁ ✵ ✭❛❧s♦ ✐♥ t❤❡ σl · σt t❡r♠✮✱

❼ Rt ✐s t❤❡ tr❛♥s✈❡rs❛❧ str❡♥❣t❤ ♦❢ t❤❡ ✉♥✐❞✐r❡❝t✐♦♥❛❧ ❧❛②❡r ✐♥ t❡♥s✐♦♥ ✐❢ σt

❂ ✵✱ ✐♥ ❝♦♠♣r❡ss✐♦♥ ✐❢ σt ❁ ✵✱

❼ ❙ ✐s t❤❡ s❤❡❛r str❡♥❣t❤ ♦❢ t❤❡ ✉♥✐❞✐r❡❝t✐♦♥❛❧ ❧❛②❡r✳

❋❛✐❧✉r❡ ♦❝❝✉rs ✐❢ h2 ❂ ✶✳ ❈♦♥s✐❞❡r✐♥❣ ❛ ❧❛♠✐♥❛t❡ ❝♦♠♣♦s❡❞ ♦❢ ♥ ❧❛②❡rs✱ ❢♦r ❡❛❝❤
❧❛②❡r ❦ ✭❦ ❂ ✶ t♦ ♥✮ t❤❡ ❘❡s❡r✈❡ ❋❛❝t♦r ✐s ✿

RFk =
1

√

h2
✭✸✳✸✳✶✵✮

❚❤❡ ❧❛♠✐♥❛t❡ ♦✈❡r❛❧❧ ❘❡s❡r✈❡ ❋❛❝t♦r ✐s t❤❡ ♠✐♥✐♠✉♠ ♦❢ ❛❧❧ ❘❡s❡r✈❡ ❋❛❝t♦rs✿

RF = mini(RFk) ✭✸✳✸✳✶✶✮

❋✐❣✉r❡ ✸✳✷✺ s❤♦✇s t❤❡ ❘❋ ♦♥ ❡✈❡r② ❡❧❡♠❡♥t✳ ■❢ t❤❡ ❘❋ ✈❛❧✉❡ ✐s ❧❡ss t❤❛♥ 1✱ t❤❡
str✉❝t✉r❡ ❜r❡❛❦s✳ ❖♥ ✜❣✉r❡ ✸✳✷✺ t♦♣✱ ♦♥❧② t❤❡ ❡❧❡♠❡♥ts ✇❤❡r❡ t❤❡ ✜①✐♥❣s ❛r❡✱
❤❛✈❡ ❛ ✈❛❧✉❡ ❧❡ss t❤❛♥ 1✳ ❚❤✐s ✐s ✐♥❞✐❝❛t❡❞ ❜② ✇❤✐t❡ ❝♦❧♦✉r✳ ❚❤❡s❡ ❡❧❡♠❡♥ts ❝❛♥
❜❡ ✐❣♥♦r❡❞ ❜❡❝❛✉s❡ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s ❞♦ ✇r♦♥❣ ❝❛❧❝✉❧❛t✐♦♥s ❛r♦✉♥❞
✜①✐♥❣s✳

❙♦ t❤❡r❡ ✐s ♥♦ r✐s❦ ♦❢ ♣r❡♣r❛❣ ❞❛♠❛❣❡ ❢♦r t❤❡ ✧❋❧✐❣❤t ❛♥❞ ●r♦✉♥❞✲❯▲✲❘❡✇❛r❞✧
❧♦❛❞ ❝❛s❡✳ ❇✉t t❤❡ ✧❋❧✐❣❤t ❛♥❞ ●r♦✉♥❞✲❯▲✲❉♦✇♥✧ ❧♦❛❞ ❝❛s❡ ✭s❡❡ ✜❣✉r❡ ✸✳✷✺✮
s❤♦✇s ✇❤✐t❡ ❛r❡❛s ♦♥ ♦t❤❡r ♣❧❛❝❡s t❤❛♥ ✇❤❡r❡ t❤❡ ✜①✐♥❣s ❛r❡✳ ❚❤✐s ✐♥❞✐❝❛t❡s
t❤❛t t❤❡ ♠❛t❡r✐❛❧ ✇✐❧❧ ❜r❡❛❦ ❛t t❤✐s ❛r❡❛✳
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✸✳✹ ❈♦♥❧✉s✐♦♥

✸✳✸✳✸ ❍♦♥❡②❝♦♠❜ ❨❩✲✱ ❩❳✲❈♦♠♣♦♥❡♥ts

❚❤❡ ❤♦♥❡②❝♦♠❜ ♦❢ t❤❡ s❛♥❞✇✐❝❤ str✉❝t✉r❡ ❤❛s t♦ ❜❡ ✈❡r✐✜❡❞ ❛♣❛rt ✭s❡❡ ✜❣✉r❡
✸✳✷✻✮✳ ❚❤❡ ❤♦♥❡②❝♦♠❜ s✉♣♣♦rts ♠♦r❡ str❡ss ✐♥ ❧✲❞✐r❡❝t✐♦♥ ✭✵✳✼✺ ▼P❛✮ t❤❛♥
✐♥ ✇✲❞✐r❡❝t✐♦♥ ✭✵✳✹✺ ▼P❛✮✳ ❙♦ ✐❢ t❤❡ ♠❛①✐♠✉♠ str❡ss ✐s ❜❡t✇❡❡♥ ✵✳✹✺ ▼P❛
❛♥❞ ✵✳✼✺ ▼P❛✱ t❤❡ ♠❛t❡r✐❛❧ ♦r✐❡♥t❛t✐♦♥ ❤❛s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤✐s ✐s ♥♦t t❤❡
❝❛s❡ ❤❡r❡✳ ❚❤❡ ♠❛①✐♠✉♠ s❤❡❛r str❡ss ❢♦r t❤❡ ❤♦♥❡②❝♦♠❜ ✐s ✵✳✸✶ ▼P❛ ❢♦r t❤❡
✧❋●✲❯▲✲❉♦✇♥✧ ❧♦❛❞ ❝❛s❡✳

✸✳✹ ❈♦♥❧✉s✐♦♥

❚❤❡ ❝❡♥tr❡ ♣❡❞❡st❛❧ ❤❛s ❜❡❡♥ ♦♣t✐♠✐③❡❞ ✐♥ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ❛♥❞ ✇❡✐❣❤t✳ ❚❤✐s
♦♣t✐♠✐③❛t✐♦♥ st♦♣♣❡❞ ♦♥❝❡ t❤❡ ♦❜❥❡❝t✐✈❡s ♦❢ ✷✻ ❍③ ❛♥❞ ✶✸✳✺ ❦❣ ❤❛✈❡ ❜❡❡♥
r❡❛❝❤❡❞✳ ❚❤❡r❡ ❛r❡ st✐❧❧ ♣♦ss✐❜✐❧✐t✐❡s ♦❢ ❢✉rt❤❡r ♦♣t✐♠✐③❛t✐♦♥ ❢♦r ❡①❛♠♣❧❡ ❜②
❝❤❛♥❣✐♥❣ ♠♦r❡ ❛r❡❛s ✐♥t♦ s❛♥❞✇✐❝❤ str✉❝t✉r❡✳ ❚❤❡ ✈❡r✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❍✐❧❧
❝r✐t❡r✐♦♥ s❤♦✇s t❤❛t ♥♦t ❛❧❧ ❧♦❛❞ ❝❛s❡s ❛r❡ s✉♣♣♦rt❡❞ ❜② t❤❡ str✉❝t✉r❡✳ ❋✐❣✉r❡
✸✳✷✺ s❤♦✇s ♦♥ t❤❡ ❧♦✇❡r s❝r❡❡♥s❤♦t ✇❤❡r❡ t❤❡s❡ ❛r❡❛s ❛r❡ ✭✇❤✐t❡ ❡❧❡♠❡♥ts✮✳
❚❤❡s❡ ❛r❡❛s ❝❛♥ ❜❡ r❡✐♥❢♦r❝❡❞ ❜② ❛❞❞✐t✐♦♥❛❧ ❧❛②❡r✭s✮ ✇❤✐❝❤ ✇♦✉❧❞ ✐♥❝r❡❛s❡ t❤❡
✇❡✐❣❤t ♦❢ t❤❡ str✉❝t✉r❡ ❛♥❞ t❤✉s ❛ ❢✉rt❤❡r ♦♣t✐♠✐③❛t✐♦♥ ✐♥ ✇❡✐❣❤t ✇♦✉❧❞ ❜❡
♥❡❡❞❡❞ ✇✐t❤♦✉t ❞❡❝r❡❛s✐♥❣ t❤❡ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝②✳ ❊✈❡♥ ❛ ❧♦✇❡r ✈❛❧✉❡ t❤❛♥
✶✸✳✺ ❦❣ ✐♥ str✉❝t✉r❛❧ ✇❡✐❣❤t ✐s ♣♦ss✐❜❧❡ ❜② ❛♣♣❧②✐♥❣ ♠♦r❡ ❡♥❣✐♥❡❡r✐♥❣ ✇♦r❦ ♦♥
t❤❡ str✉❝t✉r❡✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ❢❛❝t t❤❛t t❤❡ st❛t✉s ♦❢ t❤❡ ❆✸✺✵ ✐s st✐❧❧ ▼❆❚
❇✱ t❤❡ r❡s✉❧ts ❛r❡ s❛t✐s❢②✐♥❣✳ ❆❧s♦ ✐t ✐s ❛❧♠♦st ♣r♦✈❡❞ t❤❛t ❛ ❝❡♥tr❡ ♣❡❞❡st❛❧
❝❛♥ ❜❡ ♠❛❞❡ ♦❢ ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛❧ ✐♥st❡❛❞ ♦❢ ❛❧✉♠✐♥✐✉♠ ✇❤✐❝❤ ✐s ❛♥♦t❤❡r st❡♣
❢♦r✇❛r❞✳
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❝❛s❡✳ ❉♦✇♥✿ ✇❤✐t❡ ❡❧❡♠❡♥ts ❛r❡ s✉♣♣♦s❡❞ t♦ ❝r❛❝❦ ✐♥ t❤❡ ✧❋●✲
❯▲✲❉♦✇♥✧
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✷✳✶✾ ❉❡❧❛♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❧♦✇❡r s❦✐♥ ♦❢ ▲ s❛♠♣❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
✷✳✷✵ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❤❡❛r str❡ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾
✷✳✷✶ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ s❤❡❛r str❡ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵
✷✳✷✷ ❚❤❡ ③✐❣③❛❣ ❜r❡❛❦✐♥❣ ❧✐♥❡ ♦❢ ❛ ▲ s❛♠♣❧❡ ✉♥❞❡r ❝♦♠♣r❡ss✐♦♥ ✳ ✳ ✳ ✺✷

✸✳✶ ▲❡❢t✿ ❆✸✺✵ ❝♦❝❦♣✐t ♣r❡✈✐❡✇ ❬❋❧✐✵✾❪❀ ❘✐❣❤t✿ ❙❚✸❉ ❝❡♥t❡r ♣❡❞❡st❛❧
❈❆❉ ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✸✳✷ ❚❤❡ ♦r✐❣✐♥❛❧ ❣✐✈❡♥ t❤✐❝❦♥❡ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻
✸✳✸ ▼❡t❛❧❧✐❝ ❢r❛♠❡ ✉♥❞❡r ❈❆❚■❆ ❱✺ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼
✸✳✹ ▲❡❢t✿ ❈❆❉ ♠✐❞♣❧❛♥❡ s✉r❢❛❝❡ ♠♦❞❡❧ ❜② ✉s✐♥❣ t❤❡ s②♠♠❡tr②❀

❘✐❣❤t✿ ❋✐①❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽
✸✳✺ ❧❡❢t✿ ❱♦❧✉♠❡ str✉❝t✉r❡❀ r✐❣❤t✿ ▼✐❞♣❧❛♥❡ str✉❝t✉r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽
✸✳✻ ❊rr♦rs ✐♥ t❤❡ ✧♣❛✈❡r✧ ♦♣t✐♦♥❀ ▲❡❢t✿ ❈❡♥tr❡ ♣❡❞❡st❛❧ ❞✉r✐♥❣ ♠❡s❤

❝r❡❛t✐♦♥❀ ❘✐❣❤t✿ ❩♦♦♠ ♦♥ t❤❡ r❡❞ sq✉❛r❡ ♦❢ t❤❡ ❧❡❢t ✜❣✉r❡ s❤♦✇✲
✐♥❣ t♦♦ s♠❛❧❧ ❡❧❡♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✸✳✼ ❩♦♦♠ ♦♥ t❤❡ r❡❞ sq✉❛r❡ ♦❢ ✜❣✉r❡ ✸✳✻ r✐❣❤t s❤♦✇✐♥❣ ❛ t❤✐♥ ❣❛♣✳ ✳ ✻✶
✸✳✽ ❘❇❊ ❡❧❡♠❡♥ts ♦♥ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷
✸✳✾ ❚❤❡ ❡❧❡❝tr✐❝❛❧ ❞❡✈✐❝❡s r❡♣r❡s❡♥t❡❞ ❜② ✵❉ ❡❧❡♠❡♥ts ❛♥❞ ❝♦♥♥❡❝t❡❞

✇✐t❤ ❘❇❊✸ ❡❧❡♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻
✸✳✶✵ ❈❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ✐♥❡rt✐❛s ♦❢ ❡✈❡r② ❡❧❡❝tr♦♥✐❝ ❞❡✈✐❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼
✸✳✶✶ ❚❤❡ ♣r♦♣❡rt✐❡s ♦❢ s❛♥❞✇✐❝❤ str✉❝t✉r❡ ✇✐t❤ P❆❚❘❆◆ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼
✸✳✶✷ ❉✐s♣❧❛❝❡♠❡♥ts ✉♥❞❡r ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② r❡♣r❡s❡♥t❡❞ ❜② ❛♥✐♠❛t❡❞

❞❡❢♦r♠❛t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✽✼



▲✐st ♦❢ ❋✐❣✉r❡s

✸✳✶✸ ❈♦♠♣❧❡t❡❞ ❋❊▼ ♠♦❞❡❧ ❜❡❢♦r❡ ♦♣t✐♠✐③❛t✐♦♥✳ ❚❤✐❝❦♥❡ss ✐s r❡♣✲
r❡s❡♥t❡❞ ❜② ❝♦❧♦✉r✳ ▲✐❣❤t ❜❧✉❡✿ ✶✷ ❧❛②❡r ♦❢ ✜❜r❡ ❣❧❛ss ♣r❡♣r❛❣❀
❉❛r❦ ❜❧✉❡✿ ✶✻ ❧❛②❡r ♦❢ ✜❜r❡ ❣❧❛ss ♣r❡♣r❛❣❀ P✐♥❦✿ s❛♥❞✇✐❝❤ str✉❝✲
t✉r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✸✳✶✹ ❉✐s♣❧❛❝❡♠❡♥ts ✉♥❞❡r ✜rst ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ♦❢ ✷✻✳✸ ❍③ r❡♣r❡✲
s❡♥t❡❞ ❜② ❝♦❧♦✉r✳ ❘❡❞ r❡♣r❡s❡♥ts t❤❡ ❧❛r❣❡st ❞✐s♣❧❛❝❡♠❡♥t ✳ ✳ ✳ ✳ ✼✷

✸✳✶✺ ❈r✐t✐❝❛❧ ③♦♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸
✸✳✶✻ ❘✐❣✐❞✐t② ✐♥❝r❡❛s❡♠❡♥t ❜② ❛❞❞✐♥❣ s❡✈❡r❛❧ ❧❛②❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹
✸✳✶✼ ▲❡❢t✿ Modification02 ✲ ❛❞❞✐♥❣ ❛ ✇✐♥❞♦✇ s✉♣♣♦rt str✉❝t✉r❡❀

❘✐❣❤t✿ Model04 ✲ t❤✐❝❦❡♥ ❜♦tt♦♠ ♣❛rt ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹
✸✳✶✽ ❚❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ♦❢ ❛♥ ❛✐r❝r❛❢t ✐s ♦♥ t❤❡ t✐♣

♦❢ ✐ts ♥♦s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺
✸✳✶✾ ▲❡❢t✿ ❙❡♠✐❝✐r❝❧❡ r✐❜s ✐♥ t❤❡ ❤✉❧❧ ♦❢ ❛ s❤✐♣ t❤❛t ❢✉♥❝t✐♦♥ ❛s st✐✛✲

❡♥❡rs❀ ❘✐❣❤t✿ Model05✿ ■♠✐t❛t✐♦♥ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ❤✉❧❧ ✳ ✳ ✼✻
✸✳✷✵ ▼♦✈❡♠❡♥t ✉♥❞❡r ✜rst ♥❛t✉r❛❧ ❢r❡q✉❡♥❝②❀ ❚♦♣✿ −π❀ ❈❡♥tr❡✿ ✵❀

❉♦✇♥✿ π ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼
✸✳✷✶ ▲❡❢t✿ Model06 ✲ t✇♦ ❛❞❞✐t✐♦♥❛❧ ✜①✐♥❣s❀ ❘✐❣❤t✿ Model07 ✲ ♥❡✇

❜♦tt♦♠ s✉r❢❛❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽
✸✳✷✷ ❙t❛t✐❝ ❧♦❛❞s ♣r❡❞✐❝t✐♦♥ ❢r♦♠ ❆✐r❜✉s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾
✸✳✷✸ ❱♦♥ ▼✐s❡s ✈❡r✐✜❝❛t✐♦♥ ♦♥ t❤❡ ♠❡t❛❧❧✐❝ ❢r❛♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵
✸✳✷✹ ❱♦♥ ▼✐s❡s ✈❡r✐✜❝❛t✐♦♥ ♦♥ ❝♦♠♣♦s✐t❡ str✉❝t✉r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸
✸✳✷✺ ❘❋ ❝❤❡❝❦✿ ❚♦♣✿ t❤❡ str✉❝t✉r❡ r❡s✐sts t♦ t❤❡ ✧❋●✲❯▲✲❘✇❞✧ ❧♦❛❞

❝❛s❡✳ ❉♦✇♥✿ ✇❤✐t❡ ❡❧❡♠❡♥ts ❛r❡ s✉♣♣♦s❡❞ t♦ ❝r❛❝❦ ✐♥ t❤❡ ✧❋●✲
❯▲✲❉♦✇♥✧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹

✸✳✷✻ ❱❡r✐✜❝❛t✐♦♥ ♦❢ t❤❡ s❤❡❛r str❡ss ✐♥s✐❞❡ t❤❡ ❤♦♥❡②❝♦♠❜ ✭✈❛❧✉❡s ✐♥
▼P❛✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✳✷✼ ❚❤❡ ❆✹✵✵▼ ▼❙◆✵✵✶ ♦♥ r♦❧❧ ♦✉t ❬▼✐❧✵✾❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷
✳✷✽ ❆■❘❇❯❙ ❆✸✺✵ ♠✐❝r♦ ❝✉t❛✇❛② ❬♠❢✵✾❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✽✽



▲✐st ♦❢ ❚❛❜❧❡s

▲✐st ♦❢ ❚❛❜❧❡s

✷✳✶ ❋✐❜r❡❣❧❛ss t✐ss✉❡ ♠❛t❡r✐❛❧ ❞❛t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹
✷✳✷ ❍♦♥❡②❝♦♠❜ ♠❛t❡r✐❛❧ ❞❛t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺
✷✳✸ ❆❞❤❡s✐✈❡ ♠❛t❡r✐❛❧ ❞❛t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻
✷✳✹ P♦tt✐♥❣ ♠❛t❡r✐❛❧ ❞❛t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼
✷✳✺ ❚❤❡ ❝❛❧❝✉❧❛t❡❞ r❡s✉❧ts ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❆■❘❇❯❙ ❛❧❧♦✇❛❜❧❡s

❛♥❞ t❤❡ t❡st r❡s✉❧ts ✐♥ [N/mm] ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✽✾



❇✐❜❧✐♦❣r❛♣❤②

❇✐❜❧✐♦❣r❛♣❤②

❬❋❧✐✵✽❪ ❋❧✐❝❦r✿ ❇❛❧✐ ✲ ❏✳❍✳ s❤♦✇r♦♦♠✱ ✷✵✵✽✳ ❤tt♣✿✴✴✇✇✇✳❢❧✐❝❦r✳❝♦♠✴

♣❤♦t♦s✴s✉✈❛❥❛❝❦✴✷✶✾✷✷✽✵✺✶✷✴✐♥✴♣❤♦t♦str❡❛♠✴

❬❋❧✐✵✾❪ ❋❧✐❣❤t❣❧♦❜❛❧✿ ❈♦❝❦♣✐t✱ ✷✵✵✾✳ ❤tt♣✿✴✴✇✇✇✳❢❧✐❣❤t❣❧♦❜❛❧✳❝♦♠✴

❜❧♦❣s✴❢❧✐❣❤t✲✐♥t❡r♥❛t✐♦♥❛❧✴❈♦❝❦♣✐t✳❣✐❢

❬●❛②✾✼❪ ●❛②✱ ❉❛♥✐❡❧✿ ▼❛tér✐❛✉① ❝♦♠♣♦s✐t❡s✳ ❍❡r♠ès✱ ✶✾✾✼✱
■❙❇◆ ✷✲✽✻✻✵✶✲✺✽✻✲❳✳

❬●r♦✵✾❪ ●r♦✉♣✱ ❙❚✿ ❲❡❜s✐t❡✱ ✷✵✵✾✳ ❤tt♣✿✴✴✇✇✇✳st❣r♦✉♣✳❛❡r♦✱ ✈✐s✐té ❧❡ ✷✷
❥✉✐❧❧❡t ✷✵✵✾✳

❬❍❡①✵✾❪ ❍❡①❝❡❧✿ Pr❡♣r❛❣t❡❝❤♥♦❧♦❣②✳♣❞❢✱ ✷✵✵✾✳ ❤tt♣✿✴✴✇✇✇✳❤❡①❝❡❧✳

❝♦♠✶✶✴✶✵✴✵✾✳

❬❑❊✵✻❪ ❑r❡ss✱ ●❡r❛❧❞ ✉♥❞ P❛♦❧♦ ❊r♠❛♥♥✐✿ ▼❡❝❤❛♥✐❦ ❞❡r ❋❛s❡r✈❡r❜✉♥❞✇❡r❦✲

st♦✛❡✳ ❊✐❞❣❡♥öss✐s❝❤❡ ❚❡❝❤♥✐s❝❤❡ ❍♦❝❤s❝❤✉❧❡ ❩ür✐❝❤✱ ✷✵✵✻✳
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✈✐❡✇t♦♣✐❝✳♣❤♣✱ ✈✐s✐t❡❞ ♦♥ ✶✷✴✵✾✴✵✾✳

❬▼✐❧✵✾❪ ▼✐❧✐t❛r②✱ ❆✐r❜✉s✿❲❡❜s✐t❡✱ ✷✵✵✾✳ ❤tt♣✿✴✴✇✇✇✳❛✐r❜✉s♠✐❧✐t❛r②✳❝♦♠✱
✈✐s✐t❡❞ ♦♥ ✶✶✴✶✵✴✵✾✳

❬❘❛❛✵✻❪ ❘❛❛ts❝❤❡♥✱ Pr♦❢ ❉r ❍✳ ❏✳✿ ❋✐♥✐t❡ ❊❧❡♠❡♥t❡ ✶✳ ❋❛❝❤❤♦❝❤s❝❤✉❧❡ ❆❛✲
❝❤❡♥✱ ❋❛❝❤❜❡r❡✐❝❤ ▼❛s❝❤✐♥❡♥❜❛✉✱ ✷✵✵✻✳

❬❙❝❤✵✼❪ ❙❝❤ür♠❛♥♥✱ ❍❡❧♠✉t✿ ❑♦♥str✉✐❡r❡♥ ♠✐t ❋❛s❡r✲❑✉♥st♦✛✲❱❡r❜✉♥❞❡♥✳
❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✷✵✵✼✱ ■❙❇◆ ✾✼✽✲✸✲✺✹✵✲✼✷✶✽✾✲✺✳

❬❙❚✸❪ ❙❚✸❉✱ r✉❡ ❞✉ ❇♦❧é✱ ✸✶✻✼✸ ▲❛❜è❣❡ ❝❡❞❡①✿ ❝♦♠♣❛♥②✳ ✇✇✇✳st❣r♦✉♣✳
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❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✷✵✵✼✱ ■❙❇◆ ✾✼✽✲✸✲✺✹✵✲✸✸✻✺✻✲✼✳
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❬❲✐❦✵✷❪ ❲✐❦✐♣❡❞✐❛✿ ❆✐r❜✉s ❛✸✺✵✱ ✵✷✳ ❤tt♣✿✴✴❡♥✳✇✐❦✐♣❡❞✐❛✳♦r❣✴✇✐❦✐✴

❆✐r❜✉s❴❆✸✺✵✱ ✈✐s✐t❡❞ ♦♥ ✷✸✴✵✼✴✵✾✳
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✇✐❦✐✴❈♦♠♣♦s✐t❡❴♠❛t❡r✐❛❧✱ ✈✐s✐t❡❞ ♦♥ ✷✸✴✵✼✴✵✾✳
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❆✹✵✵▼

❋✐❣✉r❡ ✳✷✼✿ ❚❤❡ ❆✹✵✵▼ ▼❙◆✵✵✶ ♦♥ r♦❧❧ ♦✉t ❬▼✐❧✵✾❪

✧❚❤❡ ❆✐r❜✉s ❆✹✵✵▼ ✐s ❛ ❊✉r♦♣❡❛♥ ❢♦✉r✲❡♥❣✐♥❡ t✉r❜♦♣r♦♣ ♠✐❧✐t❛r② tr❛♥s♣♦rt
❛✐r❝r❛❢t t❤❛t ❝❛♥ ❜❡ ❝♦♥✜❣✉r❡❞ ❢♦r ❛❡r✐❛❧ r❡❢✉❡❧✐♥❣✳ ■t ❤❛s ❜❡❡♥ ❞❡s✐❣♥❡❞ ❜② ❆✐r✲
❜✉s ▼✐❧✐t❛r② ❝♦r♣♦r❛t✐♦♥ t♦ r❡♣❧❛❝❡ ❛ ✈❛r✐❡t② ♦❢ ❛✐r❝r❛❢t✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ▲♦❝❦❤❡❡❞
▼❛rt✐♥ ❈✲✶✸✵ ❍❡r❝✉❧❡s ❛♥❞ t❤❡ ❚r❛♥s❛❧❧ ❈✲✶✻✵✳ ❚❤❡ ❆✹✵✵▼ ❤❛s ❜❡❡♥ ♦r❞❡r❡❞
❜② ♥✐♥❡ ♥❛t✐♦♥s✳ ❬✳✳✳❪

❚❤❡ ✜rst t❡st ✢✐❣❤t✱ ♦r✐❣✐♥❛❧❧② s❝❤❡❞✉❧❡❞ ❢♦r ◗✶ ✷✵✵✽✱ ✇❛s ♣♦st♣♦♥❡❞ ❞✉❡ t♦ ♣r♦✲
❣r❛♠ ❞❡❧❛②s✱ s❝❤❡❞✉❧❡ ❛❞❥✉st♠❡♥ts ❛♥❞ ✜♥❛♥❝✐❛❧ ♣r❡ss✉r❡s✳ ❊❆❉❙ ❛♥♥♦✉♥❝❡❞
✐♥ ❡❛r❧② ❏❛♥✉❛r② ✷✵✵✽ t❤❛t ❝♦♥t✐♥✉❡❞ ❞❡✈❡❧♦♣♠❡♥t ♣r♦❜❧❡♠s ✇✐t❤ t❤❡ ❡♥❣✐♥❡s
❤❛❞ r❡s✉❧t❡❞ ✐♥ ❛ ❞❡❧❛② t♦ ◗✷ ✷✵✵✽ ❜❡❢♦r❡ t❤❡ ✜rst ❡♥❣✐♥❡ t❡st ✢✐❣❤ts ♦♥ ❛ ❈✲✶✸✵
t❡st❜❡❞ ❛✐r❝r❛❢t✳ ❚❤❡ ✜rst ✢✐❣❤t ♦❢ t❤❡ ❛✐r❝r❛❢t✱ ♣r❡✈✐♦✉s❧② s❝❤❡❞✉❧❡❞ ❢♦r ❏✉❧②
✷✵✵✽✱ ❤❛❞ ❛❣❛✐♥ ❜❡❡♥ ♣♦st♣♦♥❡❞✳ ❈✐✈✐❧ ❝❡rt✐✜❝❛t✐♦♥ ✉♥❞❡r ❊❆❙❆ ❈❙✲✷✺ ✇✐❧❧ ❜❡
❢♦❧❧♦✇❡❞ ❧❛t❡r ❜② ❝❡rt✐✜❝❛t✐♦♥ ❢♦r ♠✐❧✐t❛r② ♣✉r♣♦s❡s✳ ❚❤❡ ❆✹✵✵▼ ✇❛s ✧r♦❧❧❡❞
♦✉t✧ ✐♥ ❙❡✈✐❧❧❡ ♦♥ ✷✻ ❏✉♥❡ ✷✵✵✽ ❛t ❛♥ ❡✈❡♥t ♣r❡s✐❞❡❞ ❜② ❑✐♥❣ ❏✉❛♥ ❈❛r❧♦s ■ ♦❢
❙♣❛✐♥✱ ✇❤✐❧❡ t❤❡ ♠❛✐❞❡♥ ✢✐❣❤t ✐s ♥♦✇ ❢❛❝✐♥❣ ♦♥✲❣♦✐♥❣ t❡❝❤♥✐❝❛❧ ❞❡❧❛②s ❛♥❞ ✐s
✉♥❧✐❦❡❧② t♦ ❤❛♣♣❡♥ ❡❛r❧✐❡r t❤❛♥ ❧❛t❡ ✷✵✵✾✳ ❬✳✳✳❪
❚❤❡ ❆✐r❜✉s ❆✹✵✵▼ ✇✐❧❧ ✐♥❝r❡❛s❡ t❤❡ ❛✐r❧✐❢t ❝❛♣❛❝✐t② ❛♥❞ r❛♥❣❡ ❝♦♠♣❛r❡❞ ✇✐t❤
t❤❡ ❛✐r❝r❛❢t ✐t ✇❛s ♦r✐❣✐♥❛❧❧② s❡t t♦ r❡♣❧❛❝❡✱ t❤❡ ♦❧❞❡r ✈❡rs✐♦♥s ♦❢ t❤❡ ❍❡r❝✉❧❡s
❛♥❞ ❚r❛♥s❛❧❧✳ ❈❛r❣♦ ❝❛♣❛❝✐t② ✐s ❡①♣❡❝t❡❞ t♦ ❞♦✉❜❧❡ ♦✈❡r ❡①✐st✐♥❣ ❛✐r❝r❛❢t✱ ❜♦t❤
✐♥ ♣❛②❧♦❛❞ ❛♥❞ ✈♦❧✉♠❡✱ ❛♥❞ r❛♥❣❡ ✐s ✐♥❝r❡❛s❡❞ s✉❜st❛♥t✐❛❧❧② ❛s ✇❡❧❧✳ ❚❤❡ ❝❛r❣♦
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❜♦① ❞✐♠❡♥s✐♦♥s ❛r❡✿ ▲❡♥❣t❤✱ ❡①❝❧✉❞✐♥❣ r❛♠♣ ✶✼✳✼✶ ♠❀ r❛♠♣ ❧❡♥❣t❤ ✺✳✹✵ ♠❀
✇✐❞t❤ ✹✳✵✵ ♠❀ ❤❡✐❣❤t ✸✳✽✺ ♠❀ ❤❡✐❣❤t✱ ❛❢t ♦❢ ✇✐♥❣ ✹✳✵✵ ♠✳

❚❤❡ ❆✐r❜✉s ❆✹✵✵▼ ✇✐❧❧ ♦♣❡r❛t❡ ✐♥ ♠❛♥② ❝♦♥✜❣✉r❛t✐♦♥s ✐♥❝❧✉❞✐♥❣ ❝❛r❣♦ tr❛♥s✲
♣♦rt✱ tr♦♦♣ tr❛♥s♣♦rt✱ ▼❊❉❊❱❆❈✱ ❛❡r✐❛❧ r❡❢✉❡❧❧✐♥❣✱ ❛♥❞ ❡❧❡❝tr♦♥✐❝ s✉r✈❡✐❧✲
❧❛♥❝❡✳

❚❤❡ ❝♦❝❦♣✐t ❢❡❛t✉r❡s ❛ ✢②✲❜②✲✇✐r❡ ✢✐❣❤t ❝♦♥tr♦❧ s②st❡♠ ✇✐t❤ s✐❞❡st✐❝❦ ❝♦♥✲
tr♦❧❧❡rs ❛♥❞ ✢✐❣❤t ❡♥✈❡❧♦♣❡ ♣r♦t❡❝t✐♦♥✳ ▲✐❦❡ ❆✐r❜✉s✬ ♦t❤❡r ❛✐r❝r❛❢t✱ t❤❡ ❆✹✵✵▼
✇✐❧❧ ❤❛✈❡ ❛ ❢✉❧❧ ❣❧❛ss ❝♦❝❦♣✐t ✭❛❧❧ ✐♥❢♦r♠❛t✐♦♥ ❛❝❝❡ss❡❞ t❤r♦✉❣❤ ❧❛r❣❡ ❝♦❧♦✉r
s❝r❡❡♥s✮ ❛♥❞ ❛s s✉❝❤ ✇✐❧❧ r❡♣r❡s❡♥t ❛ t❡❝❤♥♦❧♦❣✐❝❛❧ ❧❡❛♣ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♦❧❞❡r
❈✲✶✸✵s ❛♥❞ ❈✲✶✻✵s t❤❛t ♠❛♥② ❝♦✉♥tr✐❡s ♥♦✇ ♦♣❡r❛t❡✳

❚❤❡ ❆✹✵✵▼✬s ✇✐♥❣s ❛r❡ ♣r✐♠❛r✐❧② ❝❛r❜♦♥ ✜❜r❡ r❡✐♥❢♦r❝❡❞ ♣❧❛st✐❝✳ ❚❤❡ ❡✐❣❤t✲
❜❧❛❞❡❞ ❙❝✐♠✐t❛r ♣r♦♣❡❧❧❡r ✐s ❛❧s♦ ♠❛❞❡ ❢r♦♠ ❛ ✇♦✈❡♥ ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛❧✳ ■t ✐s
♣♦✇❡r❡❞ ❜② ❢♦✉r ❊✉r♦♣r♦♣ ❚P✹✵✵✲❉✻ r❛t❡❞ ❛t ✽✱✷✺✵ ❦❲ ✭✶✶✱✵✵✵ ❤♣✮ ❡❛❝❤✳

❊❆❉❙ ❛♥❞ ❚❤❛❧❡s ✇✐❧❧ ♣r♦✈✐❞❡ t❤❡ ♥❡✇ ▼✉❧t✐✲❈♦❧♦r ■♥❢r❛r❡❞ ❆❧❡rt✐♥❣ ❙❡♥s♦r
✭▼■❘❆❙✮ ♠✐ss✐❧❡ ✇❛r♥✐♥❣ s❡♥s♦r ❢♦r t❤❡ ❆✹✵✵▼✳

●❡♥❡r❛❧ ❝❤❛r❛❝t❡r✐st✐❝s

❼ ❈r❡✇✿ ✸ ♦r ✹ ✭✷ ♣✐❧♦ts✱ ✸r❞ ♦♣t✐♦♥❛❧✱ ✶ ❧♦❛❞♠❛st❡r✮

❼ ❈❛♣❛❝✐t②✿

✕ ✸✼✱✵✵✵ ❦❣ ✭✽✷✱✵✵✵ ❧❜✮

✕ ✶✶✻ ❢✉❧❧② ❡q✉✐♣♣❡❞ tr♦♦♣s ✴ ♣❛r❛tr♦♦♣s✱

✕ ✉♣ t♦ ✻✻ str❡t❝❤❡rs ❛❝❝♦♠♣❛♥✐❡❞ ❜② ✷✺ ♠❡❞✐❝❛❧ ♣❡rs♦♥♥❡❧

❼ ▲❡♥❣t❤✿ ✹✸✳✽ ♠ ✭✶✹✸ ❢t ✽ ✐♥✮

❼ ❲✐♥❣s♣❛♥✿ ✹✷✳✹ ♠ ✭✶✸✾ ❢t ✶ ✐♥✮

❼ ❍❡✐❣❤t✿ ✶✹✳✻ ♠ ✭✹✼ ❢t ✶✶ ✐♥✮

❼ ❊♠♣t② ✇❡✐❣❤t✿ ✼✵ t♦♥♥❡s ✭✶✺✹✱✵✵✵ ❧❜✮

✾✸



❇✐❜❧✐♦❣r❛♣❤②

❼ ▼❛① t❛❦❡♦✛ ✇❡✐❣❤t✿ ✶✹✶ t♦♥♥❡s ✭✸✶✵✱✽✺✷ ❧❜✮

❼ P♦✇❡r♣❧❛♥t✿ ✹① ❊✉r♦Pr♦♣ ■♥t❡r♥❛t✐♦♥❛❧ ❚P✹✵✵✲❉✻ t✉r❜♦♣r♦♣✱ ✽✱✷✺✵ ❦❲
✭✶✶✱✵✵✵ ❤♣✮ ❡❛❝❤

❼ ❚♦t❛❧ ■♥t❡r♥❛❧ ❋✉❡❧✿ ✹✻✳✼ t♦♥♥❡s ✭✶✵✸✱✵✵✵ ❧❜✮

❼ ▼❛①✳ ▲❛♥❞✐♥❣ ❲❡✐❣❤t✿ ✶✶✹ t♦♥♥❡s ✭✷✺✶✱✵✵✵ ❧❜✮

P❡r❢♦r♠❛♥❝❡

❼ ❈r✉✐s❡ s♣❡❡❞✿ ✼✽✵ ❦♠✴❤ ✭✹✷✵ ❦t✱ ✹✽✺ ♠♣❤ ▼❛❝❤ ✵✳✻✽ ✲ ✵✳✼✷✮

❼ ■♥✐t✐❛❧ ❈r✉✐s❡ ❆❧t✐t✉❞❡✿ ❛t ▼❚❖❲✿ ✾✱✵✵✵ ♠ ✭✷✾✱✵✵✵ ❢t✮✮

❼ ❘❛♥❣❡✿ ✸✱✸✵✵ ❦♠ ✭✶✱✼✽✷ ♥♠✐✮ ❛t ♠❛① ♣❛②❧♦❛❞ ✭❧♦♥❣ r❛♥❣❡ ❝r✉✐s❡ s♣❡❡❞❀
r❡s❡r✈❡s ❛s ♣❡r ▼■▲✲❈✲✺✵✶✶❆✮

✕ ❘❛♥❣❡ ❛t ✸✵✲t♦♥♥❡ ♣❛②❧♦❛❞✿ ✹✱✽✵✵ ❦♠ ✭✷✱✺✾✷ ♥♠✐✮

✕ ❘❛♥❣❡ ❛t ✷✵✲t♦♥♥❡ ♣❛②❧♦❛❞✿ ✻✱✾✺✵ ❦♠ ✭✸✱✼✺✸ ♥♠✐✮

❼ ❋❡rr② r❛♥❣❡✿ ✾✱✸✵✵ ❦♠ ✭✺✱✵✷✷ ♥♠✐✮

❼ ❙❡r✈✐❝❡ ❝❡✐❧✐♥❣✿ ✶✶✱✸✵✵ ♠ ✭✸✼✱✵✵✵ ❢t✮ ▼❛①✐♠✉♠ ❖♣❡r❛t✐♥❣ ❆❧t✐t✉❞❡✿
✶✷✱✵✵✵ ♠ ✭✹✵✱✵✵✵ ❢t✮

❼ ❚❛❝t✐❝❛❧ ❚❛❦❡♦✛ ❉✐st❛♥❝❡✿ ✾✹✵ ♠ ✭✸✱✵✽✵ ❢t✮ ✭❛✐r❝r❛❢t ✇❡✐❣❤t ✶✵✵ t♦♥♥❡s✱
s♦❢t ✜❡❧❞✱ ■❙❆✱ s❡❛ ❧❡✈❡❧✮

❼ ❚❛❝t✐❝❛❧ ▲❛♥❞✐♥❣ ❉✐st❛♥❝❡✿ ✻✷✺ ♠ ✭✷✱✵✺✵ ❢t✮ ✭❛s ❛❜♦✈❡✮

❼ ❚✉r♥✐♥❣ ❘❛❞✐✉s ✭●r♦✉♥❞✮✿ ✷✽✳✻ ♠ ✧

❬❲✐❦✵✸❛❪

✾✹
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❆✸✺✵

✧❚❤❡ ❆✐r❜✉s ❆✸✺✵ ❳❲❇ ✭❳tr❛ ❲✐❞❡✲❇♦❞②✮ ✐s ❛ ❧♦♥❣ r❛♥❣❡✱ ♠✐❞✲s✐③❡❞✱ ✇✐❞❡✲
❜♦❞② ❢❛♠✐❧② ♦❢ ❛✐r❧✐♥❡rs ❝✉rr❡♥t❧② ✉♥❞❡r ❞❡✈❡❧♦♣♠❡♥t ❜② ❊✉r♦♣❡❛♥ ♠❛♥✉❢❛❝✲
t✉r✐♥❣ ❣r♦✉♣ ❆✐r❜✉s✳ ❚❤❡ ❆✸✺✵ ✇✐❧❧ ❜❡ t❤❡ ✜rst ❆✐r❜✉s ✇✐t❤ ❢✉s❡❧❛❣❡ ❛♥❞
✇✐♥❣ str✉❝t✉r❡s ♠❛❞❡ ♣r✐♠❛r✐❧② ♦❢ ❝❛r❜♦♥ ✜❜r❡ r❡✐♥❢♦r❝❡❞ ♣❧❛st✐❝✳ ❚❤❡ ❆✸✺✵
✐s ❞❡s✐❣♥❡❞ t♦ ❝♦♠♣❡t❡ ✇✐t❤ t❤❡ ❇♦❡✐♥❣ ✼✼✼ ❛♥❞ t❤❡ ❇♦❡✐♥❣ ✼✽✼ ❛♥❞ ❆✐r❜✉s
❝❧❛✐♠s t❤❛t ✐t ✇✐❧❧ ❜❡ ♠♦r❡ ❢✉❡❧✲❡✣❝✐❡♥t ❛♥❞ ✇✐t❤ ✉♣ t♦ ✽✪ ❧♦✇❡r ♦♣❡r❛t✐♥❣
❝♦st t❤❛♥ t❤❡ ❇♦❡✐♥❣ ✼✽✼✳ ■t ✐s s❝❤❡❞✉❧❡❞ t♦ ❡♥t❡r ✐♥t♦ ❛✐r❧✐♥❡ s❡r✈✐❝❡ ✐♥ ✷✵✶✸✳
❚❤❡ ▲❛✉♥❝❤ ❈✉st♦♠❡r ❢♦r t❤❡ ❆✐r❜✉s ❆✸✺✵ ✇✐❧❧ ❜❡ ◗❛t❛r ❆✐r✇❛②s✳ ❬✳✳✳❪

❲❤❡♥ ❇♦❡✐♥❣ ❛♥♥♦✉♥❝❡❞ ✐ts ✼✽✼ ❉r❡❛♠❧✐♥❡r ♣r♦❥❡❝t✱ ✐t ❝❧❛✐♠❡❞ t❤❡ ❧♦✇❡r ♦♣❡r✲
❛t✐♥❣ ❝♦sts ♦❢ t❤✐s ❛✐r♣❧❛♥❡ ✇♦✉❧❞ ♠❛❦❡ ✐t ❛ s❡r✐♦✉s t❤r❡❛t t♦ t❤❡ ❆✐r❜✉s ❆✸✸✵✳
P✉❜❧✐❝❧②✱ ❆✐r❜✉s ✐♥✐t✐❛❧❧② r❡❥❡❝t❡❞ t❤✐s ❝❧❛✐♠✱ st❛t✐♥❣ t❤❛t t❤❡ ✼✽✼ ✇❛s ✐ts❡❧❢
❥✉st ❛ r❡❛❝t✐♦♥ t♦ t❤❡ ❆✸✸✵✱ ❛♥❞ t❤❛t ♥♦ r❡s♣♦♥s❡ ✇❛s ♥❡❡❞❡❞ t♦ t❤❡ ✼✽✼✳

❚❤❡ ❛✐r❧✐♥❡s ♣✉s❤❡❞ ❆✐r❜✉s t♦ ♣r♦✈✐❞❡ ❛ ❝♦♠♣❡t✐t♦r✱ ❛s ❇♦❡✐♥❣ ❤❛❞ ❝♦♠♠✐tt❡❞
t❤❡ ✼✽✼ t♦ ❤❛✈❡ ✷✵✪ ❧♦✇❡r ❢✉❡❧ ❝♦♥s✉♠♣t✐♦♥ t❤❛♥ t❤❡ ❇♦❡✐♥❣ ✼✻✼✳ ■♥✐t✐❛❧❧②
❆✐r❜✉s ♣r♦♣♦s❡❞ ❛ s✐♠♣❧❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❆✸✸✵✱ ✉♥♦✣❝✐❛❧❧② ❞✉❜❜❡❞ t❤❡ ✬❆✸✸✵✲
✷✵✵▲✐t❡✬✱ ✇✐t❤ ✐♠♣r♦✈❡❞ ❛❡r♦❞②♥❛♠✐❝s ❛♥❞ ❡♥❣✐♥❡s s✐♠✐❧❛r t♦ t❤♦s❡ ♦♥ t❤❡ ✼✽✼✳
❚❤❡ ❛✐r❧✐♥❡s ✇❡r❡ ♥♦t s❛t✐s✜❡❞ ❛♥❞ ❆✐r❜✉s ❝♦♠♠✐tt❡❞ ➾✹ ❜✐❧❧✐♦♥ t♦ ❛ ♥❡✇ ❞❡s✐❣♥
t♦ ❜❡ ❝❛❧❧❡❞ t❤❡ ❆✸✺✵✳ ❚❤❡ ♦r✐❣✐♥❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ❆✸✺✵ s✉♣❡r✜❝✐❛❧❧② r❡s❡♠❜❧❡❞
t❤❡ ❆✸✸✵ ❞✉❡ t♦ ✐ts ❝♦♠♠♦♥ ❢✉s❡❧❛❣❡ ❝r♦ss✲s❡❝t✐♦♥ ❛♥❞ ❛ss❡♠❜❧②✳ ❆ ♥❡✇ ✇✐♥❣✱
❡♥❣✐♥❡s ❛♥❞ ❛ ❤♦r✐③♦♥t❛❧ st❛❜✐❧✐③❡r ✇❡r❡ t♦ ❜❡ ❝♦✉♣❧❡❞ ✇✐t❤ ♥❡✇ ❝♦♠♣♦s✐t❡
♠❛t❡r✐❛❧s ❛♥❞ ♣r♦❞✉❝t✐♦♥ ♠❡t❤♦❞s ❛♣♣❧✐❡❞ t♦ t❤❡ ❢✉s❡❧❛❣❡ t♦ ♠❛❦❡ t❤❡ ❆✸✺✵
❛♥ ❛❧♠♦st ❛❧❧✲♥❡✇ ❛✐r❝r❛❢t✳ ❬✳✳✳❪

■♥ ❙❡♣t❡♠❜❡r ✷✵✵✼✱ ❆✐r❜✉s r♦❧❧❡❞ ♦✉t ♥❡✇ ❞❡s✐❣♥ ❛❞✈❛♥❝❡s t♦ ❛ ❣❛t❤❡r✐♥❣ ♦❢
✶✵✵ r❡♣r❡s❡♥t❛t✐✈❡s ❢r♦♠ ❡①✐st✐♥❣ ❛♥❞ ♣♦t❡♥t✐❛❧ ❳❲❇ ❝✉st♦♠❡rs✳ ❚❤❡ ❆✸✺✵
❳❲❇ ✇✐❧❧ ❜❡ ❜✉✐❧t ♦♥ t❤❡ t❡❝❤♥♦❧♦❣✐❡s ❞❡✈❡❧♦♣❡❞ ❢♦r ❆✐r❜✉s ❆✸✽✵ ❛♥❞ ✇✐❧❧
❤❛✈❡ ❛ s✐♠✐❧❛r ❝♦❝❦♣✐t ❛♥❞ ✢②✲❜②✲✇✐r❡ s②st❡♠s ❧❛②♦✉t✳ ❚❤❡ ❆✸✺✵❳❲❇ ✇✐❧❧
❜❡ ♠❛❞❡ ♦✉t ♦❢ ✺✸✪ ❝♦♠♣♦s✐t❡s✱ ✶✾✪ ❆❧✴❆❧✲▲✐✱ ✶✹✪ t✐t❛♥✐✉♠✱ ✻✪ st❡❡❧ ❛♥❞
✽✪ ♠✐s❝❡❧❧❛♥❡♦✉s✳ ❚❤✐s ❝♦♠♣❛r❡s t♦ t❤❡ ❇♦❡✐♥❣ ✼✽✼✱ ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ✺✵✪
❝♦♠♣♦s✐t❡s✱ ✷✵✪ ❛❧✉♠✐♥✐✉♠✱ ✶✺✪ t✐t❛♥✐✉♠✱ ✶✵✪ st❡❡❧ ❛♥❞ ✺✪ t❤❡ ❜❛❧❛♥❝❡✳
❖❝t♦❜❡r ✷✵✵✽ ✇❛s t❤❡ ❆✐r❜✉s ✐♥t❡r♥❛❧ ❣♦❛❧ t♦ ❢r❡❡③❡ t❤❡ ❞❡s✐❣♥ ❛♥❞ ❆✐r❜✉s
❡①♣❡❝ts ✶✵✪ ❧♦✇❡r ❛✐r❢r❛♠❡ ♠❛✐♥t❡♥❛♥❝❡ ❝♦st ❛♥❞ ✶✹✪ ❧♦✇❡r ❡♠♣t② s❡❛t ✇❡✐❣❤t
t❤❛♥ ❝♦♠♣❡t✐♥❣ ❛✐r❝r❛❢t✳
❚❤❡r❡ ❛r❡ t❤r❡❡ ✈❛r✐❛♥ts ♦❢ t❤❡ ❆✸✺✵ ❛♥❞ ❛❧❧ ❧❛✉♥❝❤❡❞ ✐♥ ✷✵✵✻✳ ❚❤❡ ❆✸✺✵✲✾✵✵ ✐s
s❝❤❡❞✉❧❡❞ t♦ ❡♥t❡r s❡r✈✐❝❡ ✐♥ ✷✵✶✸✳ ❚❤❡ ❆✸✺✵✲✽✵✵ ✐s s❝❤❡❞✉❧❡❞ t♦ ❡♥t❡r s❡r✈✐❝❡
✐♥ ✷✵✶✹✳ ❚❤❡ ❆✸✺✵✲✶✵✵✵ ✐s s❝❤❡❞✉❧❡❞ t♦ ❡♥t❡r s❡r✈✐❝❡ ✐♥ ✷✵✶✺✳ ❆❧❧ ✈❛r✐❛♥ts ✇✐❧❧
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❚❤❡ ❆✸✺✵✲✽✵✵ ✇✐❧❧ s❡❛t ✷✼✵ ♣❛ss❡♥❣❡rs ✐♥ ❛ t❤r❡❡✲❝❧❛ss ❝❛❜✐♥ ♥✐♥❡✲❛❜r❡❛st ❧❛②♦✉t
❛♥❞ ✇✐❧❧ ❤❛✈❡ ❛ r❛♥❣❡ ♦❢ ✽✱✸✵✵ ♥♠✐ ✭✶✺✱✹✵✵ ❦♠✮✳ ■t ✐s ❞❡s✐❣♥❡❞ t♦ ❝♦♠♣❡t❡ ✇✐t❤
t❤❡ ❇♦❡✐♥❣ ✼✽✼✲✾ ❛♥❞ t♦ ❞✐r❡❝t❧② r❡♣❧❛❝❡ t❤❡ ❆✐r❜✉s ❆✸✸✵✲✷✵✵✳

❆✸✺✵✲✾✵✵

❚❤❡ ❆✸✺✵✲✾✵✵ ✐s t❤❡ ✜rst ♠♦❞❡❧ s❝❤❡❞✉❧❡❞ t♦ ❡♥t❡r s❡r✈✐❝❡ ✭❊■❙✮ ✐♥ ✷✵✶✸ ❛♥❞
s❡❛ts ✸✶✹ ♣❛ss❡♥❣❡rs ✐♥ ❛ t❤r❡❡✲❝❧❛ss ❝❛❜✐♥ ♥✐♥❡✲❛❜r❡❛st ❧❛②♦✉t✳ ■t ✇✐❧❧ ❤❛✈❡ ❛
r❛♥❣❡ ♦❢ ✽✱✶✵✵ ♥♠✐ ✭✶✺✱✵✵✵ ❦♠✮✳ ❆✐r❜✉s ❝❧❛✐♠ t❤❛t t❤❡ ❆✸✺✵✲✾✵✵ ✇✐❧❧ ❤❛✈❡ ❛
❞❡❝r❡❛s❡ ♦❢ ✶✻✪ ▼❲❊ ♣❡r s❡❛t✱ ❛ ✸✵✪ ❞❡❝r❡❛s❡ ✐♥ ❜❧♦❝❦ ❢✉❡❧ ♣❡r s❡❛t ❛♥❞ ✷✺✪
❜❡tt❡r ❝❛s❤ ♦♣❡r❛t✐♥❣ ❝♦st ❛❣❛✐♥st t❤❡ ❇♦❡✐♥❣ ✼✼✼✲✷✵✵❊❘✳ ❆ ✲✾✵✵❘ ❛♥❞ ✲✾✵✵❋
✈❛r✐❛♥t ❛❧s♦ ✐s ❜❡✐♥❣ ♣r♦♣♦s❡❞ ❜✉t ♥♦t ❧❛✉♥❝❤❡❞ ②❡t ❛♥❞ ✇✐❧❧ ❢❡❛t✉r❡ t❤❡ ❤✐❣❤❡r
❡♥❣✐♥❡ t❤r✉st✱ str❡♥❣t❤❡♥❡❞ str✉❝t✉r❡ ❛♥❞ ❧❛♥❞✐♥❣ ❣❡❛r ♦❢ t❤❡ ✲✶✵✵✵✳ ■t ✐s
❞❡s✐❣♥❡❞ t♦ ❝♦♠♣❡t❡ ✇✐t❤ t❤❡ ❇♦❡✐♥❣ ✼✼✼✲✷✵✵❊❘ ❛♥❞ r❡♣❧❛❝❡ t❤❡ ❆✸✹✵✲✸✵✵✳

❆✸✺✵✲✶✵✵✵

❚❤❡ ❆✸✺✵✲✶✵✵✵ ✐s s❝❤❡❞✉❧❡❞ t♦ ❡♥t❡r s❡r✈✐❝❡ ✐♥ ✷✵✶✺✳ ■t ✐s t❤❡ ❧❛r❣❡st ✈❛r✐❛♥t
♦❢ t❤❡ ❆✸✺✵ ❢❛♠✐❧② ❛♥❞ ✇✐❧❧ s❡❛t ✸✺✵ ♣❛ss❡♥❣❡rs ✐♥ ❛ t❤r❡❡✲❝❧❛ss ❝❛❜✐♥ ♥✐♥❡✲
❛❜r❡❛st ❧❛②♦✉t✳ ■t ✇✐❧❧ ❤❛✈❡ r❛♥❣❡ ♦❢ ✽✱✵✵✵ ♥♠✐ ✭✶✹✱✽✵✵ ❦♠✮✳ ■t ✐s ❞❡s✐❣♥❡❞ t♦
❝♦♠♣❡t❡ ✇✐t❤ t❤❡ ❇♦❡✐♥❣ ✼✼✼✲✸✵✵❊❘ ❛♥❞ r❡♣❧❛❝❡ t❤❡ ❆✸✹✵✲✻✵✵✳
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Defines the material properties for linear isotropic materials.

Format:

Example:

MAT1 Isotropic Material Property Definition

1 2 3 4 5 6 7 8 9 10

MAT1 MID E G NU RHO A TREF GE

ST SC SS MCSID

MAT1 17 3.+7 0.33 4.28 6.5-6 5.37+2 0.23

20.+4 15.+4 12.+4 1003

Field Contents

MID Material identification number.  (Integer > 0)

E Young’s modulus.  (Real > 0.0 or blank)

G Shear modulus.  (Real > 0.0 or blank)

NU Poisson’s ratio.  (-1.0 < Real < 0.5 or blank)

RHO Mass density.  See Remark 5. (Real)

A Thermal expansion coefficient.  (Real)

TREF Reference temperature for the calculation of thermal loads, or a

temperature-dependent thermal expansion coefficient.  See

Remarks 9. and 10. (Real; Default = 0.0 if A is specified.)

GE Structural element damping coefficient.  See Remarks 8., 9., and 4.

(Real)

ST, SC, SS Stress limits for tension, compression, and shear are optionally

supplied, used only to compute margins of safety in certain elements;

and have no effect on the computational procedures.  See

“Parameters” on page 1409.  (Real > 0.0 or blank)

MCSID Material coordinate system identification number.  Used only for

PARAM,CURV processing.  See “Parameters” on page 1409.

(Integer > 0 or blank)
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Defines the material property for an orthotropic material for isoparametric shell

elements.

Format:

Example:

MAT8 Shell Element Orthotropic Material Property Definition

1 2 3 4 5 6 7 8 9 10

MAT8 MID E1 E2 NU12 G12 G1Z G2Z RHO

A1 A2 TREF Xt Xc Yt Yc S

GE F12 STRN

MAT8 171 30.+6 1.+6 0.3 2.+6 3.+6 1.5+6 0.056

28.-6 1.5-6 155.0 1.+4 1.5+4 2.+2 8.+2 1.+3

1.-4 1.0

Field Contents

MID Material identification number.  Referenced on a PSHELL or PCOMP

entry only.  (0 < Integer < 1000000000)

E1 Modulus of elasticity in longitudinal direction, also defined as the fiber

direction or 1-direction.  (Real 0.0)

E2 Modulus of elasticity in lateral direction, also defined as the matrix

direction or 2-direction.  (Real 0.0)

NU12 Poisson’s ratio (  for uniaxial loading in 1-direction).  Note that

 for uniaxial loading in 2-direction is related to

 by the relation .  (Real)

G12 In-plane shear modulus.  (Real > 0.0; Default = 0.0)

G1Z Transverse shear modulus for shear in 1-Z plane.  (Real > 0.0; Default

implies infinite shear modulus.)

G2Z Transverse shear modulus for shear in 2-Z plane.  (Real > 0.0; Default

implies infinite shear modulus.)

RHO Mass density.  (Real)

Ai Thermal expansion coefficient in i-direction.  (Real)

≠

≠
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ε
1

⁄

υ
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Remarks:

1. If G1Z and G2Z values are specified as zero or blank, then transverse shear

flexibility calculations will not be performed, which is equivalent to zero

shear flexibility (i.e., infinite shear stiffness).

2. An approximate value for G1Z and G2Z is the in-plane shear modulus G12.

If test data are not available to accurately determine G1Z and G2Z for the

material and transverse shear calculations are deemed essential; the value of

G12 may be supplied for G1Z and G2Z.  In SOL 106, linear and nonlinear

elastic material properties in the residual structure will be updated as

prescribed in the TEMPERATURE Case Control command.

3. Xt, Yt, and S are required for composite element failure calculations when

requested in the FT field of the PCOMP entry.  Xc and Yc are also used but

not required.

4. TREF and GE are ignored if this entry is referenced by a PCOMP entry.

5. TREF is used in two different ways:

TREF Reference temperature for the calculation of thermal loads, or a

temperature-dependent thermal expansion coefficient.  See Remarks 4.

and 5. (Real or blank)

Xt, Xc Allowable stresses or strains in tension and compression, respectively,

in the longitudinal direction.  Required if failure index is desired.  See

the FT field on the PCOMP entry. (Real > 0.0; Default value for Xc is Xt.)

Yt, Yc Allowable stresses or strains in tension and compression, respectively,

in the lateral direction. Required if failure index is desired. (Real > 0.0;

Default value for Yc is Yt.)

S Allowable stress or strain for in-plane shear.  See the FT field on the

PCOMP entry.  (Real > 0.0)

GE Structural damping coefficient.  See Remarks 4. and 6. (Real)

F12 Interaction term in the tensor polynomial theory of Tsai-Wu. Required

if failure index by Tsai-Wu theory is desired and if value of F12 is

different from 0.0.  See the FT field on the PCOMP entry.  (Real)

STRN For the maximum strain theory only (see STRN in PCOMP entry).

Indicates whether Xt, Xc, Yt, Yc, and S are stress or strain allowables.

[Real = 1.0 for strain allowables; blank (Default) for stress allowables.]

Field Contents
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Defines a concentrated mass at a grid point.

Format:

Example:

Remarks:

1. Element identification numbers should be unique with respect to all other

element identification numbers.

2. For a more general means of defining concentrated mass at grid points, see

the CONM1 entry description.

3. The continuation is optional.

CONM2 Concentrated Mass Element Connection, Rigid Body Form

1 2 3 4 5 6 7 8 9 10

CONM2 EID G CID M X1 X2 X3

I11 I21 I22 I31 I32 I33

CONM2 2 15 6 49.7

16.2 16.2 7.8

Field Contents

EID Element identification number.  (Integer > 0)

G Grid point identification number.  (Integer > 0)

CID Coordinate system identification number. For CID of -1; see X1, X2, X3

below.  (Integer > -1; Default = 0)

M Mass value.  (Real)

X1, X2, X3 Offset distances from the grid point to the center of gravity of the mass

in the coordinate system defined in field 4, unless CID = -1, in which

case X1, X2, X3 are the coordinates, not offsets, of the center of gravity of

the mass in the basic coordinate system.  (Real)

lij Mass moments of inertia measured at the mass center of gravity in the

coordinate system defined by field 4.  If CID = -1, the basic coordinate

system is implied. (For I11, I22, and I33; Real > 0.0; for I21, I31, and I32;

Real)



CQUAD4
Quadrilateral Plate Element Connection
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Defines an isoparametric membrane-bending or plane strain quadrilateral plate

element.

Format:

Example:

CQUAD4 Quadrilateral Plate Element Connection

1 2 3 4 5 6 7 8 9 10

CQUAD4 EID PID G1 G2 G3 G4 THETA or
MCID

ZOFFS

T1 T2 T3 T4

CQUAD4 111 203 31 74 75 32 2.6 0.3

1.77 2.04 2.09 1.80

Field Contents

EID Element identification number.  (Integer > 0)

PID Property identification number of a PSHELL, PCOMP, or PLPLANE

entry.  (Integer > 0; Default = EID)

Gi Grid point identification numbers of connection points. (Integers > 0, all

unique.)

THETA Material property orientation angle in degrees.  THETA is ignored for

hyperelastic elements.  See Figure 5-43.  (Real; Default = 0.0)

MCID Material coordinate system identification number.  The x-axis of the

material coordinate system is determined by projecting the x-axis of the

MCID coordinate system (defined by the CORDij entry or zero for the

basic coordinate system) onto the surface of the element.  MCID is

ignored for hyperelastic elements.  (Integer > 0;  If blank, then

THETA = 0.0 is assumed.)
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Figure 5-42  MCID Coordinate System Definition

Remarks:

1. Element identification numbers should be unique with respect to all other

element identification numbers.

2. Grid points G1 through G4 must be ordered consecutively around the

perimeter of the element.

3. All interior angles must be less than 180°.

4. The continuation is optional. If it is not supplied, then T1 through T4 will be

set equal to the value of T on the PSHELL entry.

ZOFFS Offset from the surface of grid points to the element reference plane.

ZOFFS is ignored for hyperelastic elements.  See Remark 6. (Real)

Ti Membrane thickness of element at grid points G1 through G4.  Ti are

ignored for hyperelastic elements. (Real > 0.0 or blank, not all zero. See

Remark 4. for default.)

G4

G3

G1

G2
z

y

x
MCID
Coordinate
System

xmaterial
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Defines an isoparametric membrane-bending or plane strain triangular plate element.

Format:

Example:

CTRIA3 Triangular Plate Element Connection

1 2 3 4 5 6 7 8 9 10

CTRIA3 EID PID G1 G2 G3 THETA or
MCID

ZOFFS

T1 T2 T3

CTRIA3 111 203 31 74 75 3.0 0.98

1.77 2.04 2.09

Field Contents

EID Element identification number.  (Integer > 0)

PID Property identification number of a PSHELL, PCOMP or PLPLANE

entry.  (Integer > 0; Default = EID)

Gi Grid point identification numbers of connection points. (Integers>0, all

unique)

THETA Material property orientation angle in degrees.  THETA is ignored for

hyperelastic elements.  (Real; Default = 0.0)

MCID Material coordinate system identification number.  The x-axis of the

material coordinate system is determined by projecting the x-axis of the

MCID coordinate system (defined by the CORDij entry or zero for the

basic coordinate system) onto the surface of the element.  MCID is

ignored for hyperelastic elements.  (Integer > 0; if blank, then

THETA = 0.0 is assumed.)
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Figure 5-61  MCID Coordinate System Definition

Remarks:

1. Element identification numbers should be unique with respect to all other

element identification numbers.

2. The continuation is optional. If it is not supplied, then T1 through T3 will be

set equal to the value of T on the PSHELL entry.

3. Elements may be offset from the connection points by means of the ZOFFS

field.  Other data, such as material matrices and stress fiber locations, are

given relative to the reference plane. A positive value of ZOFFS implies that

the element reference plane is offset a distance of ZOFFS along the positive

Z-axis of the element coordinate system. If the ZOFFS field is used, then both

the MID1 and MID2 fields must be specified on the PSHELL entry referenced

by PID.

The specification of offset vectors gives wrong results in solution sequences

that compute differential stiffness:  linear buckling analysis provided in

SOLs 5, 16, 105 and 200, and geometric nonlinear analysis provided in SOLs

106, 129, 153, and 159 with PARAM,LGDISP,1.

ZOFFS Offset from the surface of grid points to the element reference plane. See

Remark 3. ZOFFS is ignored for hyperelastic elements.  (Real)

Ti Membrane thickness of element at grid points G1, G2, and G3.  Ti is

ignored for hyperelastic elements. (Real > 0.0 or blank, not all zero. See

Remark 2. for default.)

G1 G2

G3

x

y z

MCID
Coordinate
System

ymaterial

xmaterial
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Defines the properties of an n-ply composite material laminate.

Format:

Example:

PCOMP Layered Composite Element Property

1 2 3 4 5 6 7 8 9 10

PCOMP PID Z0 NSM SB FT TREF GE LAM

MID1 T1 THETA1 SOUT1 MID2 T2 THETA2 SOUT2

MID3 T3 THETA3 SOUT3 -etc.-

PCOMP 181 -0.224 7.45 10000.0 HOFF

171 0.056 0. YES 45.

-45. 90.

Field Contents

PID Property identification number.  (0 < Integer < 10000000)

Z0 Distance from the reference plane to the bottom surface.  See Remark 10.

(Real; Default = -0.5 times the element thickness.)

NSM Nonstructural mass per unit area.  (Real)

SB Allowable shear stress of the bonding material (allowable interlaminar

shear stress).  Required if FT is also specified.  (Real > 0.0)

FT Failure theory. The following theories are allowed (Character or blank. If

blank, then no failure calculation will be performed):

“HILL” for the Hill theory.

“HOFF” for the Hoffman theory.

“TSAI” for the Tsai-Wu theory.

“STRN” for the Maximum Strain theory.

TREF Reference temperature.  See Remark 3. (Real; Default = 0.0)

GE Damping coefficient.  See Remarks 4. and 12. (Real; Default = 0.0)

LAM Laminte Options.  (Character or blank, Default = blank). See Remark 13.

“Blank” All plies must be specified and all stiffness terms are

developed.
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Remarks:

1. The default for MID2, ..., MIDn is the last defined MIDi.  In the example

above, MID1 is the default for MID2, MID3, and MID4.  The same logic

applies to Ti.

2. At least one of the four values (MIDi, Ti, THETAi, SOUTi) must be present

for a ply to exist.  The minimum number of plies is one.

3. The TREF specified on the material entries referenced by plies are not used.

Instead TREF on the PCOMP entry is used for all plies of the element. If not

specified, it defaults to “0.0.”

“SYM” Only plies on one side of the element centerline are specified.

The plies are numbered starting with 1 for the bottom layer. If

an odd number of plies are desired, the center ply thickness (T1

or TN) should be half the actual thickness.

“MEM” All plies must be specified, but only membrane terms (MID1 on

the derived PSHELL entry) are computed.

“BEND” All plies must be specified, but only bending terms (MID2 on

the derived PSHELL entry) are computed.

MIDi Material ID of the various plies.  The plies are identified by serially

numbering them from 1 at the bottom layer. The MIDs must refer to MAT1,

MAT2, or MAT8 Bulk Data entries.  See Remark 1. (Integer > 0 or blank,

except MID1 must be specified.)

Ti Thicknesses of the various plies.  See Remark 1. (Real or blank, except T1

must be specified.)

THETAi Orientation angle of the longitudinal direction of each ply with the material

axis of the element. (If the material angle on the element connection entry

is 0.0, the material axis and side 1-2 of the element coincide.) The plies are

to be numbered serially starting with 1 at the bottom layer.  The bottom

layer is defined as the surface with the largest -Z value in the element

coordinate system.  (Real; Default = 0.0)

SOUTi Stress or strain output request. See Remarks 5. and 6. (Character: “YES” or

“NO”; Default = “NO”)

Field Contents
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Defines the membrane, bending, transverse shear, and coupling properties of thin

shell elements.

Format:

Example:

PSHELL Shell Element Property

1 2 3 4 5 6 7 8 9 10

PSHELL PID MID1 T MID2 12I/T**3 MID3 TS/T NSM

Z1  Z2 MID4

PSHELL 203 204 1.90 205 1.2 206 0.8 6.32

+.95 -.95

Field Contents

PID Property identification number.  (Integer > 0)

MID1 Material identification number for the membrane. (Integer > 0 or blank)

T Default membrane thickness for Ti on the connection entry. If T is blank

then the thickness must be specified for Ti on the CQUAD4, CTRIA3,

CQUAD8, and CTRIA6 entries.  (Real or blank)

MID2 Material identification number for bending.  (Integer > -1 or blank)

12I/T**3 Bending moment of inertia ratio, . Ratio of the actual bending

moment inertia of the shell, I, to the bending moment of inertia of a

homogeneous shell, .  The default value is for a homogeneous

shell.  (Real > 0.0; Default = 1.0)

MID3 Material identification number for transverse shear.  (Integer > 0 or

blank; unless MID2 > 0, must be blank.)

TS/T Transverse shear thickness ratio, .  Ratio of the shear thickness,

, to the membrane thickness of the shell, T. The default value is for

a homogeneous shell.  (Real > 0.0; Default = .833333)

NSM Nonstructural mass per unit area.  (Real)

12I T
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Remarks:

1. All PSHELL property entries should have unique identification numbers

with respect to all other property entries.

2. The structural mass is calculated from the density using the membrane

thickness and membrane material properties.

3. The results of leaving an MID field blank (or MID2 = -1) are:

4. The continuation entry is not required.

5. The structural damping (GE on the MATi entry) is obtained from MID1

material.

6. The following should be considered when using MID4.

• The MID4 field should be left blank if the material properties are

symmetric with respect to the middle surface of the shell.  If the

element centerline is offset from the plane of the grid points but the

material properties are symmetric, the preferred method for

modeling the offset is by use of the ZOFFS field on the connection

entry. Although the MID4 field may be used for this purpose, it may

produce ill-conditioned stiffness matrices (negative terms on factor

diagonal) if done incorrectly.

Z1, Z2 Fiber distances for stress calculations.  The positive direction is

determined by the right-hand rule, and the order in which the grid

points are listed on the connection entry.  See Remark 11. for defaults.

(Real or blank)

MID4 Material identification number for membrane-bending coupling.  See

Remarks 6. and 13. (Integer > 0 or blank, must be blank unless MID1 > 0

and MID2 > 0, may not equal MID1 or MID2.)

MID1 No membrane or coupling stiffness

MID2 No bending, coupling, or transverse shear stiffness

MID3 No transverse shear flexibility

MID4 No bending-membrane coupling unless ZOFFS is specified on the

connection entry.  See Remark 6.

MID2=-1 See Remark 12.

Note: MID1 and MID2 must be specified if the ZOFFS field is

also specified on the connection entry.
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Defines a rigid body with independent degrees-of-freedom that are specified at a

single grid point and with dependent degrees-of-freedom that are specified at an

arbitrary number of grid points.

Format:

Example:

Remarks:

1. The components indicated by CM are made dependent (members of the

m-set) at all grid points GMi.

2. Dependent degrees-of-freedom assigned by one rigid element may not also

be assigned dependent by another rigid element or by a multipoint

constraint.

3. Element identification numbers should be unique with respect to all other

element identification numbers.

4. Rigid elements, unlike MPCs, are not selected through the Case Control

Section.

RBE2 Rigid Body Element, Form 2

1 2 3 4 5 6 7 8 9 10

RBE2 EID GN CM GM1 GM2 GM3 GM4 GM5

GM6 GM7 GM8 -etc.-

RBE2 9 8 12 10 12 14 15 16

20

Field Contents

EID Element identification number.  (Integer > 0)

GN Identification number of grid point to which all six independent

degrees-of-freedom for the element are assigned.  (Integer > 0)

CM Component numbers of the dependent degrees-of-freedom in the global

coordinate system at grid points GMi.  (Integers 1 through 6 with no

embedded blanks.)

GMi Grid point identification numbers at which dependent degrees-of-

freedom are assigned.  (Integer > 0)
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Defines the motion at a reference grid point as the weighted average of the motions at

a set of other grid points.

Format:

Example

RBE3 Interpolation Constraint Element

1 2 3 4 5 6 7 8 9 10

RBE3 EID REFGRID REFC WT1 C1 G1,1 G1,2

G1,3 WT2 C2 G2,1 G2,2 -etc.- WT3  C3

G3,1 G3,2 -etc.- WT4 C4 G4,1 G4,2 -etc.-

“UM” GM1 CM1 GM2 CM2 GM3 CM3

GM4 CM4 GM5 CM5 -etc.-

RBE3 14 100 1234 1.0 123 1 3

5 4.7 1 2 4 6 5.2 2

7 8 9 5.1 1 15 16

UM 100 14 5 3 7 2

Field Contents

EID Element identification number.  Unique with respect to other rigid

elements.  (Integer > 0)

REFGRID Reference grid point identification number.  (Integer > 0)

REFC Component numbers at the reference grid point. (Any of the Integers 1

through 6 with no embedded blanks.)

WTi Weighting factor for components of motion on the following entry at

grid points Gi,j.  (Real)

Ci Component numbers with weighting factor WTi at grid points Gi,j.

(Any of the Integers 1 through 6 with no embedded blanks.)

Gi,j Grid points with components Ci that have weighting factor WTi in the

averaging equations.  (Integer > 0)

“UM” Indicates the start of the degrees-of-freedom belonging to the m-set. The

default action is to assign only the components in REFC to the m-set.

(Character)
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Remarks:

1. It is recommended that for most applications only the translation

components 123 be used for Ci.  An exception is the case where the Gi,j are

colinear.  A rotation component may then be added to one grid point to

stabilize its associated rigid body mode for the element.

2. Blank spaces may be left at the end of a Gi,j sequence.

3. The default for “UM” should be used except in cases where the user wishes

to include some or all REFC components in displacement sets exclusive from

the the m-set.  If the default is not used for “UM”:

• The total number of components in the m-set (i.e., the total number of

dependent degrees-of-freedom defined by the element) must be equal

to the number of components in REFC (four components in the

example).

• The components specified after “UM” must be a subset of the

components specified under REFC and (Gi,j, Ci).

• The coefficient matrix [Rm] described in Section 9.4.3 of the

MSC.Nastran Reference Manual must be nonsingular.

PARAM,CHECKOUT in SOLs 101 through 200 may be used to check

for this condition.

4. Dependent degrees-of-freedom assigned by one rigid element may not also

be assigned dependent by another rigid element or by a multipoint

constraint.

5. Rigid elements, unlike MPCs, are not selected through the Case Control

Section.

6. Forces of multipoint constraint may be recovered in all solution sequences,

except SOL 129, with the MPCFORCE Case Control command.

7. Rigid elements are ignored in heat transfer problems.

8. The m-set coordinates specified on this entry may not be specified on other

entries that define mutually exclusive sets.  See “Degree-of-Freedom Sets”

on page 1573 for a list of these entries.

GMi Identification numbers of grid points with degrees-of-freedom in the

m-set.  (Integer > 0)

CMi Component numbers of GMi to be assigned to the m-set.  (Any of the

Integers 1 through 6 with no embedded blanks.)

Field Contents
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Defines a set of single-point constraints and enforced motion (enforced displacements

in static analysis and enforced displacements, velocities or acceleration in dynamic

analysis).

Format:

Example:

Remarks:

1. Single-point constraint sets must be selected with the Case Control

command SPC = SID.

2. Degrees-of-freedom specified on this entry form members of the mutually

exclusive s-set.  They may not be specified on other entries that define

mutually exclusive sets.  See “Degree-of-Freedom Sets” on page 1573 for a

list of these entries.

3. Single-point forces of constraint are recovered during stress data recovery.

4. From 1 to 12 degrees-of-freedom may be specified on a single entry.

5. Degrees-of-freedom on this entry may be redundantly specified as

permanent constraints using the PS field on the GRID entry.

6. For reasons of efficiency, the SPCD entry is the preferred method for

applying enforced motion rather than the Di field described here.

SPC Single-Point Constraint

1 2 3 4 5 6 7 8 9 10

SPC SID G1 C1 D1 G2 C2 D2

SPC 2 32 3 -2.6 5

Field Contents

SID Identification number of the single-point constraint set.  (Integer > 0)

Gi Grid or scalar point identification number.  (Integer > 0)

Ci Component number.  (0 < Integer < 6; up to six Unique Integers, 1

through 6, may be placed in the field with no embedded blanks.  0

applies to scalar points and 1 through 6 applies to grid points.)

Di Value of enforced motion for all degrees-of-freedom designated by Gi

and Ci.  (Real)


